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The question

I How many joules does it take to perform a
floating-point operation? To move a byte of data?

I It depends. Depends on what?
I How do algorithms interact with hardware?
I What can programmers do to reduce energy dissipation?
I What can hardware designers do to reduce energy

dissipation?
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Correspondence between computational and

electrical quantities

electrical ↔ computational
quantity sybmol ↔ quantity symbol
time (s) t ↔ time (s) t
charge (coulomb) q ↔ length (byte) x
energy (joule) w ↔ energy (flop) e
voltage V ↔ force f
capacitance C ↔ spring k
inductance L ↔ mass m
resistance R ↔ dashpot b
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An electrical-computational model

Newton’s Second Law MA = −F1 −F2 +F3

electrical system Lq̈ = −Rq̇ −q/C V
inertia current capacitor voltage

computational system mẍ = −bẋ −x/k f
latency bandwidth memory force

I The electrical system

Lq̈ + Rq̇ + q/C = V , q(0) = 0, q̇(0) = 0

I The computational system

mẍ + bẋ + x/k = f , x(0) = 0 , ẋ(0) = 0
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Does a mechanical model of computation make

any sense?

quantity symbol unit dimension

time t s T
length x byte L
energy e flop E

frequency ν Hz T−1

velocity (bandwidth) v byte · s−1 LT−1

power r flop · s−1 ET−1

action s flop · s ET
force (intensity) f flop · byte−1 EL−1

spring (storage) k flop−1 · byte2 E−1L2

mass (latency) m flop · s2 · byte−2 ET 2L−2

dashpot (friction) b flop · s · byte−2 ETL−2
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Energy dissipated by the resistor

I Initial energy

e(0) = 0 , w(0) = 0

I Final energy

e(t∗) = (1/2)x2∗/k − x∗f x∗ = bytes moved

w(t∗) = (1/2)q2
∗/C − q∗V q∗ = charge moved

I The answer to our question:

µ(t∗) = w(t∗)/e(t∗) (J/flop)

I But we don’t know the values for any of the
quantities involved!
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The forced pendulum with friction

I The Pi Theorem of dimensional analysis tells us how to
scale the equations to dimensionless form.

z̈ + ρż + z = 0 , z(0) = −1 , ż(0) = 0

z̈ + βż + z = 0 , z(0) = −1 , ż(0) = 0

I In each case, the solution depends on the value of just
one dimensionless parameter

ρ < 2 < ρ friction in the electrical system
β < 2 < β friction in the computational system

I V.I. Arnol’d. Ordinary Differential Equations,
pp. 174-176; 191-192, Springer-Verlag, 3rd edn (1992)
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Phase portrait: global attractor at (1,0)
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Imposing final conditions: Magic happens

x(t) = (kf ) · (zβ(νt) + 1) limt→∞ zβ(νt) = 0

limt→∞ x(t) = kf = x∗
I The mysterious quantities k and m are determined by

measureable quantities

k = x∗/f

m = f /(x∗ν
2)

I A better answer to our question:

µ∗(f ) = limt∗→∞ µ(t∗) = (q∗/x∗)(V /f ) (J/flop)

I But we still don’t know what values to use for the
quantities involved.
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The power envelope

η = f/f0
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I Choi, Bedard, Fowler, Vuduc, IPDPS 2013.

I Measurements on Nvidia 580
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A formula that represents Choi’s data

p(η)− p0 =

{
η(pfloat + pmem/η)/(1 + βη) η ≤ 1
η(pfloat + pmem/η)/(α + η) η > 1

η = f /f0

f0 = r0/b0

α = β = 0 =⇒ total overlap

α = β = 1 =⇒ no overlap

limη→∞(p(η)− p0) = pfloat

limη→0(p(η)− p0) = pmem
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Choi’s measurements

quantity value units
r0 197 Gflop/s
b0 162 Gbyte/s
f0 = r0/b0 1.3 flop/byte
p0 131 J/s
pfloat 34 J/s
pmem 79 J/s
p0/r0 0.66 nJ/flop
pfloat/r0 0.17 nJ/flop
pmem/r0 0.40 nJ/flop
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Centroid of the power envelope

η = f/f0
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Correlating our model with Choi’s measureents

I Recall our formula for joules per flop:

µ∗(f ) = (q∗/x∗)(V /f )

µ∗(f0) = (q∗/x∗)(V /f0)

I What happens if we equate this quantity with the power
at the centroid?

µ∗(f0) = p̄/r0
I We can calculate the unknown quantity

(q∗V /x∗) = f0(p̄/r0)

(q∗V /x∗) = (1.3 flop/byte)(0.35 J/flop) = 0.46 nJ/byte

I On the other hand, if we know the value
of (q∗V /x∗), we can compute the value
of the quantity p̄/r0.
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Does the value of (q∗V /x∗) make any sense?

quantity value units
Vchip (chip volume) 10−1 cm3 per chip
Nchip (chip capacity) 109 byte per chip
ρbyte (byte density) 10 Gbyte/cm3

ρe (electron density in Si) 2.8× 1019 electron/cm3

σ = ρeVchip/Nchip 2.8× 109 electron/byte
e− 1.6× 10−19 coulomb/electron
σe− = (q∗/x∗) 4.5× 10−10 coulomb/byte
(q∗V /x∗) 0.45V nJ/byte
Kogge Exa-Report
ρbyte 8-18 Gbyte/cm3

(q∗V /x∗) 0.1-1.0 nJ/byte
V 0.2-1.4 J/coulomb
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Sanity check

η = f/f0

(p(η)− p0)/r0 (nJ/flop)
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η = µ∗(f0)/µ∗(f ) = f (p̄/r0)/(q∗V /x∗) = 0.78(f /V )

V = 1.0± dV

(•) measurement; (|) theory
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The Green 500 (November 2013)
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What have we learned?

I We have an a priori estimate for the energy dissipated as
a function of computational force.

µ∗ = (q∗/x∗) · (V /f ) J/flop

I The energy used to store a byte of data depends on a
particular machine.

(q∗V /x∗) = 0.46V nJ/byte
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What can hardware designers do?

I Rewrite our basic relationship with hardware terms in red
and software terms in blue:

µ∗(f ) =(1/f0)(q∗/x∗)V · (f0/f ) , f0 = r0/b0
I Chip designers can reduce energy dissipation by:

I Increasing the value of the hardware force f0
I Reducing the charge used to represent a byte of data,

for example, by packing more bytes on a chip.
I Lowering the voltage
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What can programmers do?

I Now look at the blue piece:

µ∗(f ) =(1/f0)(q∗/x∗)V · (f0/f ) , f0 = r0/b0
I Programmers can reduce energy dissipation by increasing

the software force f until it is larger than the hardware
force f0

I That’s all a programmer can do.

I It’s in direct opposition to what the hardware designers
are doing!
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Have we really learned anything?

I Computational force has always been recognized as a very
important quantity for performance analysis.

– The name computational intensity is a misnomer

I Computational force is the same quantity that must be
increased to optimize numerical algorithms, regardless of
the amount of energy dissipated.

I A.W. Burks, H.H. Goldstine, J. von Neumann (ca.
1946) Preliminary discussion of the logical design of an
electronic computing instrument. In: John von
Neumann collected works, vol V, p.38, Pergamon (1963)

I R.W. Hockney and I.J. Curington. f-half: a Parameter
to Characterise Memory and Communication
Bottlenecks. Parallel Computing, 10:277-286 (1989)
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