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Variety of Sparse Matrix Storage Formats 

? 
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Standard sparse matrix storage formats 
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original matrix CRS ELLPACK JDS 
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 When number of nonzeros per row 

is small 

 Significant remainder loop 

overhead (partial/no vectorization) 

 Large impact of row reduction 

 Alignment constraints require 

additional peeling 

 Small loop count 

 GPGPUs 

 One warp per row: similar 

problems 

 Outer loop parallelization: Loss of 

coalescing 

 

 

CRS on wide SIMD units 
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1. Pick chunk size 𝐶 (guided by 

SIMD/T widths) 

2. Pick sorting scope 𝜎 

3. Sort rows by length within 

each sorting scope 

4. Pad chunks with zeros to 

make them rectangular 

5. Store matrix data in “chunk 

column major order” 

 

“Chunk occupancy”: fraction of 

“useful” matrix entries 

 

 

Constructing SELL-C-σ  
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SELL-6-12 

β=0.66 

𝛽 =
𝑁𝑛𝑧

 𝐶 ⋅ 𝑙𝑖
𝑁𝑐
𝑖=0

 

Sorting scope 𝜎  

Chunk size 𝐶  

Width of chunk 𝑖:  𝑙𝑖  

𝛽worst =
𝑁 + 𝐶 − 1

𝐶𝑁

𝑁≫𝐶 1

𝐶
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“Corner case” matrices from “Williams Group”: 

 

 

 

 

 

 

Remaining matrices: 

 

 

 

 

 

… 
 

Matrix characterization 
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SELL-C-σ kernel 
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𝐶 = 4 



10 

Variants of SELL-C-σ 
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SELL-6-1 

β=0.51 

SELL-6-24 

β=0.84 

SELL-6-12 

β=0.66 
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Code balance (double precision FP, 4-byte index): 

 

 

 

 

 

 

 

Roofline performance model for SELL-C-σ  
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𝐵𝑆𝐸𝐿𝐿 𝛼, 𝛽, 𝑁𝑛𝑧𝑟 =
1

𝛽

8 + 4

2
+

8𝛼 + 16/𝑁𝑛𝑧𝑟

2

bytes

flop
 

=
6

𝛽
+ 4𝛼 +

8

𝑁𝑛𝑧𝑟

bytes

flop
 

Matrix data & 

column index 

RHS access 
LHS update 

𝑃 𝛼, 𝛽, 𝑁𝑛𝑧𝑟 , 𝑏 =
𝑏

𝐵𝑆𝐸𝐿𝐿(𝛼, 𝛽, 𝑁𝑛𝑧𝑟)
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Corner case scenarios: 

 

1.  𝛼 = 0   RHS in cache 

2.  𝛼 =
1

𝑁𝑛𝑧𝑐
     Load RHS vector exactly once 

 

If 𝑁𝑛𝑧𝑐 ≫ 1, RHS traffic is insignificant:    𝑃 =
𝑏𝛽

6 bytes/flop
 

 

3.  𝛼 ≈ 1   Each RHS load goes to memory 

 

4.  𝛼 > 1   Houston, we’ve got a problem   

 

Determine 𝛼 by measuring actual spMVM memory traffic (HPM) 

The 𝜶 parameter 

2014/02/20 | SpMVM with wide SIMD units 
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𝑽𝒎𝒆𝒂𝒔 is the measured overall memory data traffic (using, e.g., likwid-

perfctr) 

Determine 𝜶: 

 

 

Example: kkt_power matrix on one Intel SNB socket 

 𝑁𝑛𝑧 = 14.6 ∙ 106, 𝑁𝑛𝑧𝑟 = 7.1 

 𝑉𝑚𝑒𝑎𝑠 ≈ 258 MB 

  𝛼 = 0.43, 𝛼𝑁𝑛𝑧𝑟 = 3.1 

  RHS is loaded 3.1 times from memory 

 and:  

 

Determine RHS traffic 

𝛼 =
1

4

𝑉𝑚𝑒𝑎𝑠

𝑁𝑛𝑧 ∙ 2 bytes
− 6 −

8

𝑁𝑛𝑧𝑟
 

𝐵𝐶𝑅𝑆
𝐷𝑃 (𝛼)

𝐵𝐶𝑅𝑆
𝐷𝑃 (1/𝑁𝑛𝑧𝑐)

= 1.15 
15% extra traffic  

 optimization potential! 
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Impact of 𝝈 on 𝜶 for kkt_power on SNB  
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Results for memory-bound matrices 
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𝜎: cross-arch matrix-specific 

𝜎𝑎𝑟𝑐ℎ: arch-spcecific matrix-specific 
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Generic SELL-32-σ format performance vs. baselines: 

 

 CRS (from MKL) for SNB and Xeon Phi 

 HYB (CUSPARSE) for K20  

SELL-C-σ: Relative Performance Benefit 

(16 square matrices)  

native format per architecture 

2014/02/20 | SpMVM with wide SIMD units 
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 Wide SIMD/SIMT architectures pose challenges for spMVM  

 Short loops (CRS) 

 Fill-in (ELLPACK) 

 Reduction overhead (CRS) 

 Low vectorization ratio (CRS) 

 SELL-C-σ alleviates or eliminates most of these problems 

 SELL-C-σ provides good spMVM performance for a large range of 

sparse matrices compared to native formats 

 Intel SNB: Competitive with CRS 

 Intel Xeon Phi: Outperforms CRS by far on average 

 K20: Competitive with ELLPACK/HYB 

 Architecture-specific parameter settings have small impact vs. generic 

values 

 

Conclusion 
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 TODOs 

 More elaborate load balancing (better heuristics) 

 Explicit prefetching 

 

 GATech variant to be in future MKL editions 

 

 Upcoming (initial release for 2014):  

 

General 

Hybrid 

Optimized 

Sparse 

Toolkit 

 

 

 

Outlook 
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 Sparse building blocks 

 Various matrix formats incl. SELL-C-σ 

 Hybrid/heterogeneous MPI+X parallelism 

 Communication hiding 

 Built-in threading & tasking model 
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SpMVM Performance in a Heterogeneous System 

PCIe link 

GPU 

#2 

GPU 

#1 

... ... 

Two 10-core sockets of Intel Xeon Ivy Bridge 

and two Nvidia Tesla K20m GPUs  

(SELL-32-1, ML_Geer matrix, 64-bit values, 32-bit indices, ECC=1) 
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THANK YOU. 
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SELL-C-σ with IMCI intrinsics 
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SELL-C-σ with AVX intrinsics 
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CRS spMVM performance  
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Desktop (4 cores) 

Best case BCRS = 6 Byte/FLOP 


