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Analytical performance modeling:

“Constructing a simplified model for the interaction between 

software and hardware in order to understand lowest-order 

performance behavior”

Basic questions addressed by analytic performance models

 What is the bottleneck?  optimization technique

 What is the next bottleneck?  performance potential of the optimization

 Impact of processor frequency and socket scalability 

 Appropriate execution parameters, energy-optimized operating point

If the model fails, we learn something!

Motivation

ISC15  |  Performance Engineering  |  Georg Hager
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Agenda

 ECM model 

 Basic rules, non-overlap

 Notation

 Saturation and comparison with Roofline

 Case study 1: 5-pt 2D stencil (“Jacobi”)

 Case study 2: UXX stencil (SP/DP)

 Case study 3: Kahan-enhanced scalar product

 Towards model automation: kerncraft

 Summary & outlook
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THE ECM MODEL 

Registers

L1

L2

L3

MEM
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ECM model – predicting execution time for loop kernels

1. LOADs in the L1 cache do not 

overlap with any other data 

transfer in the memory hierarchy

2. Everything else in the core 

overlaps perfectly with data 

transfers (STOREs may show 

some non-overlap)

3. The scaling limit is set by the ratio

of

# cycles per CL overall

# cycles per CL at the bottleneck

LOAD

L
2

-L
1

L
3

-L
2

M
e

m
-L

3

STORE

ADD
MULT…

ti
m

e
 [
c
y
]

6 cy

9 cy

9 cy

19 cy

Example: 

Single-core (data in L1): 8 cy (ADD)

Single-core (data in memory):    

6+9+9+19 cy = 43 cy

Scaling limit: 43 / 19 = 2.3 cores

8 cy 3 cy 43 cy4 cy

ISC15  |  Performance Engineering  |  Georg Hager



9

ECM predicted time 

𝑇𝐸𝐶𝑀 = maximum of overlapping time and sum of all other contributions

Shorthand notation for time contributions:

Example from previous slide:   

ECM model – composition

 8 6 9 9 | 19 cy
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𝑇𝑐𝑜𝑟𝑒 = max(𝑇𝑛𝑂𝐿 , 𝑇𝑂𝐿)

𝑇𝐸𝐶𝑀 = max(𝑇𝑛𝑂𝐿 + 𝑇𝑑𝑎𝑡𝑎, 𝑇𝑂𝐿)

 𝑇𝑂𝐿 𝑇𝑛𝑂𝐿 𝑇𝐿1𝐿2 𝑇𝐿2𝐿3 | 𝑇𝐿3𝑀𝑒𝑚

LOAD

L
2

-L
1

L
3

-L
2

M
e

m
-L

3

𝑇𝑛𝑂𝐿

𝑇𝐿1𝐿2

𝑇𝐿2𝐿3

𝑇𝐿3𝑀𝑒𝑚

𝑇𝐸𝐶𝑀
𝑀𝑒𝑚

ADD

𝑇𝑂𝐿

𝑇𝑐𝑜𝑟𝑒

𝑇𝑑𝑎𝑡𝑎

# cy invariant to 

clock speed

# cy changes w/

clock speed
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Notation for cycle predictions in different memory hierarchy levels:

Example:    8  15  24 43 cy

Experimental data (measured) notation:  8.6  16.2  26 47 cy

ECM model – prediction

 𝑇𝐸𝐶𝑀
𝐿1  𝑇𝐸𝐶𝑀

𝐿2  𝑇𝐸𝐶𝑀
𝐿3 𝑇𝐸𝐶𝑀

𝑀𝑒𝑚
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𝑇𝐸𝐶𝑀
𝐿1 = 𝑇𝑐𝑜𝑟𝑒 = max 𝑇𝑛𝑂𝐿, 𝑇𝑂𝐿

𝑇𝐸𝐶𝑀
𝐿2 = max 𝑇𝑛𝑂𝐿 + 𝑇𝐿1𝐿2, 𝑇𝑂𝐿

𝑇𝐸𝐶𝑀
𝐿3 = max 𝑇𝑛𝑂𝐿 + 𝑇𝐿1𝐿2 + 𝑇𝐿2𝐿3, 𝑇𝑂𝐿

𝑇𝐸𝐶𝑀
𝑀𝑒𝑚 = max 𝑇𝑛𝑂𝐿 + 𝑇𝐿1𝐿2 + 𝑇𝐿2𝐿3 + 𝑇𝐿3𝑀𝑒𝑚, 𝑇𝑂𝐿

LOAD

L
2

-L
1

L
3

-L
2

M
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m
-L

3

𝑇𝑛𝑂𝐿ADD

𝑇𝑂𝐿

𝑇𝐸𝐶𝑀
𝐿1

𝑇𝐸𝐶𝑀
𝐿2

𝑇𝐸𝐶𝑀
𝐿3

𝑇𝐸𝐶𝑀
𝑀𝑒𝑚
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ECM model – saturation

Main assumption: Performance scaling is linear until a bandwidth 

bottleneck (𝑏𝑆) is hit

Performance vs. cores (Memory BN):

Number of cores at saturation: 

Example:
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𝑃𝐸𝐶𝑀 𝑛 = min 𝑛𝑃𝐸𝐶𝑀
𝑀𝑒𝑚, 𝑏𝑆

𝑀𝑒𝑚

𝐵𝐶
𝑀𝑒𝑚

𝑛𝑆 =
 𝑏𝑆 𝐵𝐶

𝑃𝐸𝐶𝑀
𝑀𝑒𝑚 =

𝑇𝐸𝐶𝑀
𝑀𝑒𝑚

𝑇𝐿3𝑀𝑒𝑚

LOAD

L
2

-L
1

L
3

-L
2

M
e

m
-L

3

ADD

𝑇𝐸𝐶𝑀
𝑀𝑒𝑚

𝑇𝐿3𝑀𝑒𝑚

 8 6 9 9 | 19 cy,  8  15  24 43 cy ⟹ 𝑛𝑆 =
43

19
= 3



2D 5-PT JACOBI STENCIL

(DOUBLE PRECISION)

for(j=1; j < Nj-1; ++j)

for(i=1; i < Ni-1; ++i)

b[j][i] = (a[ j ][i-1] + a[ j ][i+1]

+ a[j-1][ i ] + a[j+1][ i ] ) * s;

Unit of work (1 CL): 8 LUPs

Data transfer per unit: 

 5 CL if layer condition violated in 

higher cache level

 3 CL if layer condition satisfied
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ECM Model for 2D Jacobi (AVX) on SNB 2.7 GHz

Radius-𝑟 stencil  (2𝑟+1) layers have to fit

LC = layer condition satisfied in … 

for(j=1; j < Nj-1; ++j)

for(i=1; i < Ni-1; ++i)

b[j][i] = (a[ j ][i-1] + a[ j ][i+1]

+ a[j-1][ i ] + a[j+1][ i ] ) * s;

(2𝑟 + 1) ∙ 𝑁𝑖 ∙ 8 B <
𝐶𝑘

2

Cache 𝑘 has size 𝐶𝑘

Layer condition:

2D 5-pt: 𝑟 = 1

ISC15  |  Performance Engineering  |  Georg Hager
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2D 5-pt: impact of inner loop blocking on SNB

ECM

Roofline

3 ∙ 𝑏𝑖 ∙ 8 B <
𝐶𝑘

2

ISC15  |  Performance Engineering  |  Georg Hager
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2D 5-pt multi-core scaling

Modified layer condition for static work-sharing of outer loop:
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(2𝑟 + 1) ∙ 𝑏𝑖 ∙ 𝑛𝑡ℎ𝑟𝑒𝑎𝑑𝑠 ∙ 8 B <
𝐶𝑘

2



3D RANGE-2 STENCIL „UXX“

(SINGLE & DOUBLE PRECISION)

#pragma omp parallel for private(d) schedule(static)

for(int k=2; k<=N-1; k++){

for(int j=2; j<=N-1; j++){

for (int i=2; i<=N-1; i++){

d = 0.25*(d1[ k ][j][i] + d1[ k ][j-1][i]

+ d1[k-1][j][i] + d1[k-1][j-1][i]);

u1[k][j][i] = u1[k][j][i] + (dth/d)

*( c1 *(xx[ k ][ j ][ i ]-xx[ k ][ j ][i-1])

+ c2 *(xx[ k ][ j ][i+1]-xx[ k ][ j ][i-2])

+ c1 *(xy[ k ][ j ][ i ]-xy[ k ][j-1][ i ])

+ c2 *(xy[ k ][j+1][ i ]-xy[ k ][j-2][ i ])

+ c1 *(xz[ k ][ j ][ i ]-xz[k-1][ j ][ i ])

+ c2 *(xz[k+1][ j ][ i ]-xz[k-2][ j ][ i ]));

}}}}

Should we try to

eliminate the divide?
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Uxx stencil layer conditions (outer levels only)

j

k

i

j

k

d1[0;-1][0;-1][*] xz[-2;+1][*][*]

 2 d1 layers  4 xz layers

4+2 layers must fit

ISC15  |  Performance Engineering  |  Georg Hager
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Uxx stencil ECM analysis

Apply L3 blocking of 𝑗 loop according to layer condition

(problem size 𝑁𝑖 × 𝑁𝑗 × 𝑁𝑘):

Consequences:

 No use in removing DIV from loop in DP for in-memory case

 No actual DIV in code for SP (compiler employs rcpps + NR)

 Temporal blocking not much use for serial, but makes the code scalable!
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4 + 2 ∙ 𝑁𝑖 ∙ 𝑏𝑗 ∙ 𝑛𝑡ℎ𝑟𝑒𝑎𝑑𝑠 ∙
4 B SP
8 B DP

<
𝐶3

2
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Uxx performance and scaling on SNB and IVB

ISC15  |  Performance Engineering  |  Georg Hager



KAHAN-ENHANCED SCALAR

PRODUCT

Is the Kahan scalar product harmful for

performance?

J. Hofmann, D. Fey, J. Eitzinger, G. Hager, G. Wellein: Performance 

analysis of the Kahan-enhanced scalar product on current multicore 

processors. Accepted for PPAM2015. Preprint: arXiv:1505.02586

http://arxiv.org/abs/1505.02586
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Kahan-enhanced scalar product

 Does it harm performance to augment the dot kernel in this way?

 Is there are difference between single-threaded and multi-

threaded?

 SP vs. DP? Influence of architecture?

ISC15  |  Performance Engineering  |  Georg Hager

1 ADD, 1 MULT 4 ADD, 1 MULT
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ECM modeling of sdot on 

10-core Ivy Bridge EP 2.2 GHz 

Naive sdot (AVX): 

Kahan sdot, scalar mode:

ISC15  |  Performance Engineering  |  Georg Hager

Latency penalty

saturation at 4 cores

saturation at 11 cores
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Comparing optimal AVX implementations on four Intel 

architectures (SP)

 Kahan without consequence if

AVX is applied starting from L2 

cache

 BDW latency panelty is rather

low (== pure ECM model works

well)

ISC15  |  Performance Engineering  |  Georg Hager

IVB
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Saturation

ISC15  |  Performance Engineering  |  Georg Hager

 SP: Saturation possible if any kind of SIMD is applied

 DP: Saturates always

 Compiler is not able

to generate decent

code
SP



KERNCRAFT

First steps towards automated model

construction



35

kerncraft: ECM/Roofline modeling toolkit

Analytic Models for Stencil Kernels



36

Manual

Towards automated model generation

Automated

Analytic Models for Stencil Kernels

Registers

L1

L2

L3

MEM

Code inspection

and/or IACA

Traffic analysis w/

layer conditions

HW limits: micro-

benchmarking

& docs

IACA or

direct analysis

Reuse distance

analysis, cache

simulation

HW limits: 

likwid-bench

& docs
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kerncraft

Analytic Models for Stencil Kernels

#define N 1000

#define M 2000

for(j=1; j < N-1; ++j)

for(i=1; i < M-1; ++i)

b[j][i] = (a[ j ][i-1] + a[ j ][i+1]

+ a[j-1][ i ] + a[j+1][ i ] ) * s;

pycparser

AST

Cache simulator/

reuse distance

analysis

Traffic volumes 𝑇𝐿1𝐿2, … , 𝑇𝐿3𝑀𝑒𝑚

Compiler

vmovsd (%rsi,%rbx,8), %xmm1

vaddsd 16(%rsi,%rbx,8), %xmm1, %xmm2

vaddsd 8(%rdx,%rbx,8), %xmm2, %xmm3

vaddsd 8(%rcx,%rbx,8), %xmm3, %xmm4

vaddsd 8(%r8,%rbx,8), %xmm4, %xmm5

vaddsd 8(%r9,%rbx,8), %xmm5, %xmm6

vmulsd %xmm6, %xmm0, %xmm7

IACA

TP/CP

𝑇𝑂𝐿, 𝑇𝑛𝑂𝐿

𝑇 =  𝑉
𝑏

Machine description

(yaml file)

Registers

L1

L2

L3

MEM

LOAD

L
2
-

L
1

L
3
-

L
2

M
e
m

-L
3

ADD

𝑇𝐸𝐶𝑀
𝑀𝑒𝑚

𝑇𝐿3𝑀𝑒𝑚

Roofline / ECM model

likwid-bench docs
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kerncraft example (ECM)

Analytic Models for Stencil Kernels

$ kerncraft -vv -p ECM -m phinally.yaml 2d-5pt.c -D N 10000 -D M 10000

================================================================================

2d-5pt.c                                    

================================================================================

double a[M][N];

double b[M][N];

double s;

for(int j=1; j<M-1; ++j)

for(int i=1; i<N-1; ++i)

b[j][i] = ( a[j][i-1] + a[j][i+1]

+ a[j-1][i] + a[j+1][i]) * s;

variables:     name |   type size

---------+-------------------------

a | double (10000, 10000)

s | double None      

b | double (10000, 10000)

[...]
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kerncraft example (ECM) continued

Analytic Models for Stencil Kernels

[...]

Ports and cycles: {'1': 6.0, '0DV': 0.0, '2D': 8.0, '0': 5.05, '3': 9.0, '2': 

9.0, '5': 5.95, '4': 4.0, '3D': 8.0}

Uops: 37.0

Throughput: 9.45cy per CL

T_nOL = 8.0cy

T_OL = 9.0cy

[...]

L1-L2 = 10cy

L2-L3 = 10cy

L3-MEM = 12.96cy

{ 9.0 || 8.0 | 10 | 10 | 12.96 } cy
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kerncraft example (Roofline)

Analytic Models for Stencil Kernels

$ kerncraft -v -p Roofline -m phinally.yaml 2d-5pt.c -D N 10000 -D M 10000

...

Bottlenecks:

level | a. intensity |   performance |   bandwidth | bandwidth kernel

--------+--------------+-----------------+--------------+-----------------

CPU |              |   21.60 GFLOP/s |              |

CPU-L1 | 0.083 FLOP/b |    8.50 GFLOP/s |  102.01 GB/s | triad

L1-L2 |   0.1 FLOP/b |    5.12 GFLOP/s |   51.15 GB/s | triad

L2-L3 |   0.1 FLOP/b |    3.15 GFLOP/s |   31.48 GB/s | triad

L3-MEM |  0.17 FLOP/b |    2.90 GFLOP/s |   17.40 GB/s | copy

Cache or mem bound

2.90 GFLOP/s due to L3-MEM transfer bottleneck (bw with from copy benchmark)

Arithmetic Intensity: 0.17 FLOP/b
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Summary & outlook

 ECM can

 predict single-core performance and scaling behavior of streaming 

kernels

 predict the impact of intended optimizations and code changes

 be more accurate than Roofline but (in principle) requires less 

phenomenological input

 be combined with a multicore power model for more insight:

ISC15  |  Performance Engineering  |  Georg Hager

M. Wittmann, G. Hager, T. Zeiser, J. Treibig, and G. Wellein: Chip-level and multi-node

analysis of energy-optimized lattice-Boltzmann CFD simulations. 

Concurrency Computat.: Pract. Exper. (2015), DOI: 10.1002/cpe.3489

http://dx.doi.org/10.1002/cpe.3489
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 ECM has problems with

 reproducing scaling behavior near saturation 

 extremely tight kernels on fast memory interfaces (too optimistic)

› Possible refinement: latency penalties

 Approach to automating Roofline/ECM modeling: 

kerncraft https://github.com/cod3monk/kerncraft

ISC15  |  Performance Engineering  |  Georg Hager

https://github.com/cod3monk/kerncraft
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A simple power model for multicore chips

Model assumptions:

1. Power is a quadratic polynomial in the 

clock frequency: 𝑊 = 𝑊0 + 𝑤1𝑓 + 𝑤2𝑓
2

2. Dynamic power is linear in the number of 

active cores: 𝑊𝑑𝑦𝑛 = 𝑊1𝑓 + 𝑊2𝑓
2 𝑛

3. Performance is linear in the number of 

cores until it hits a bottleneck

4. Performance is linear in the clock 

frequency unless it hits a bottleneck 

(simplification from performance models!)

5. Energy to solution is power dissipation 

divided by performance

Model:                                                         𝐸 =
Power

Performance
=

𝑊0 + (𝑊1𝑓 + 𝑊2𝑓
2)𝑛

𝑃ECM(𝑛, 𝑓)

𝑾𝟎

𝑊
1
𝑓

+
𝑊

2
𝑓

2

...

𝑊
1
𝑓

+
𝑊

2
𝑓

2

𝑊
1
𝑓

+
𝑊

2
𝑓

2
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Energy to solution vs. performance on the

socket (SNB) 

Bandwidth

barrier

Optimization

region

PPC=1

PPC=2

PPC=3

PPC=2

PPC=3

PPC=4


