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Tutorial Agenda

ÅBrief introduction to node-level computer architecture

ÅPerformance modeling with the Roofline model

ÅSparse matrix-vector multiplication (SpMV) performance and sparse-
matrix data formats, and Roofline modeling of SpMV

ÅThe Conjugate Gradient (CG) algorithm

ÅPreconditioning and preconditioned CG (PCG)

ÅAccelerating matrix power kernels (MPK) by cache blocking

ÅOptional: distributed-memory SpMVand MPK cache blocking
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HPC Node Architecture

CPUs

GPUs
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Multi-core today: Intel Xeon Sapphire Rapids (2023)

Á ·Ŝƻƴ άSapphire Rapidsέ όtƭŀǘƛƴǳƳκDƻƭŘκ{ƛƭǾŜǊκ.ǊƻƴȊŜύΥ
Up to 60 cores running at 1.7+ GHz 
όҌ ά¢ǳǊōƻ aƻŘŜέ пΦу DIȊύΣ

Á άLƴǘŜƭ тέ ǇǊƻŎŜǎǎ κ ǳǇ ǘƻ орл ²

Á Multi-die package (4 chips)

Á Clock frequency:
flexibleJ

https://www.techpowerup.com/292204/intel-sapphire-rapids-xeon-4-tile-mcm-annotated
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General-purpose cache-based microprocessor core

ÁLƳǇƭŜƳŜƴǘǎ ά{ǘƻǊŜŘ tǊƻƎǊŀƳ /ƻƳǇǳǘŜǊέ 
concept (Turing 1936)

ÁSimilar designs on all modern systems

Á(Still) multiple potential bottlenecks

ÁBottleneck mitigations
Á Caches (instruction/data)

Á Instruction-level parallelism

Á Out-of-order and speculative execution

Modern CPU core

ISC 2024
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Nodetopologyof HPC systems

© Intel
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Potential scalability

bottlenecks

ISC 2024



8Performance Engineering for Linear Solvers

bǾƛŘƛŀ Iмлл άIƻǇǇŜǊέ {·aр ǎǇŜŎǎ

Architecture

Á80 B Transistors

Á~ 1.8 GHz clock speed

Á~ 144 ñSMò units

Á128 SP ñcoresò each (FMA)

Á64 DP ñcoresò each (FMA)

Á4 ñTensor Coresò each

Á2:1 SP:DP 

performance

Á~ 34 TFlop/s DP peak (FP64)

Á50 MiB L2 Cache

Á80 GB HBM3 

ÁMemBW ~ 3300 GB/s (theoretical)

ÁMemBW ~ 3000 GB/s (measured)
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Á50 MiB L2 Cache

Á80 GB HBM3 

ÁMemBW ~ 3300 GB/s (theoretical)

ÁMemBW ~ 3000 GB/s (measured)

© Nvidia
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The Roofline Model

Bottleneck-based thinking

Simple models for single loops

Multiple loops

ISC 2024 Performance Engineering for Linear Solvers 9



Structure of typical solver code
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parallel_for ( i =0..N) { // N>>1

update(data);

}
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ñSteady stateò
Á Repetitive

Á Negligible startup/wind-down 

overhead
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parallel_for ( i =0..N) { // N>>1

update(data);

}

ñSteady stateò
Á Repetitive

Á Negligible startup/wind-down 

overhead

Runtime model:  Ὕ Ὢ$STUFFȟ$HARDWARE
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Resource bottlenecks

What is the maximum performance when limited by a bottleneck?

ÅResource bottleneck Ὥdelivers resources at maximum rate Ὑ

Åὡ = needed amount of resources
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properties



Resource bottlenecks

What is the maximum performance when limited by a bottleneck?

ÅResource bottleneck Ὥdelivers resources at maximum rate Ὑ

Åὡ = needed amount of resources

ὡ

Ὑ
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Code 
properties

Machine 
properties



Resource bottlenecks

Minimum runtime due to bottleneck Ὥ:     Ὕ ‗
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Resource bottlenecks

Minimum runtime due to bottleneck Ὥ:     Ὕ ‗

ÅMultiple bottlenecks?
Ąmultiple minimum runtimes:  ὝÍÉÎὪὝȟȣὝ
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Resource bottlenecks

Minimum runtime due to bottleneck Ὥ:     Ὕ ‗

ÅMultiple bottlenecks?
Ąmultiple minimum runtimes:  ὝÍÉÎὪὝȟȣὝ

ÅOverallperformance: 

ISC 2024 Performance Engineering for Linear Solvers 12

ὡ

Ὑ

ὖÍÁØ
ὡ

ὝÍÉÎ



Simple bottleneck models for single loops

Two bottlenecks:

#pragma omp parallel for

for( i =0; i <107; ++ i )

a[ i ] = a[ i ] + s * c[ i ] ;

ISC 2024 Performance Engineering for Linear Solvers 13



Simple bottleneck models for single loops

Two bottlenecks:

#pragma omp parallel for

for( i =0; i <107; ++ i )

a[ i ] = a[ i ] + s * c[ i ] ;

8-core CPU 

(3 GHz Intel Sandy Bridge)

Ὑ τπ
'ÂÙÔÅ

Ó
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Simple bottleneck models for single loops

Two bottlenecks:

#pragma omp parallel for

for( i =0; i <107; ++ i )

a[ i ] = a[ i ] + s * c[ i ] ;

8-core CPU 

(3 GHz Intel Sandy Bridge)

Ὑ τπ
'ÂÙÔÅ

Ó

ὡ σ ψ ρπÂÙÔÅÓ

Ὑ ρως
'ÆÌÏÐÓ

Ó

ὡ ς ρπÆÌÏÐÓ

Ὕ
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Ó

ρπτ‘ί Ὕ
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Ó
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Bottleneck models for single loops

How do we reconcile the multiple bottlenecks? 
I.e., what is the functional form of ὪὝȟȣὝ ?

Ą pessimisticmodel (no overlap): ὪὝȟȣὝ В Ὕ
Ą optimisticmodel (full overlap):      ὪὝȟȣὝ ÍÁØὝȟȣὝ

Our example (two bottlenecks): ὝÍÉÎÍÁØὝ ȟὝ φÍÓ

aŀȄƛƳǳƳ ǇŜǊŦƻǊƳŀƴŎŜ όάlight speedέύΥ ὖ
Ȣ

ÆÌÏÐÓ
Ó σȢσ'ÆÌÏÐȾÓ
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From time to performance
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From time to performance
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Application model: 
Computational 

intensity [flop/byte]

Machine model: 
Memory bandwidth 

[byte/s]

Machine model: 
Peak performance 

[flop/s]



άwƻƻŦƭƛƴŜέΗΚ

Common nomenclature:

Ὑ Ąὖ peak performance

Ὑ Ąὦmemory bandwidth

ĄὍcomputational intensity
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R.W. Hockney and I.J. Curington: 

f1/2: A parameter to characterize memory and communication bottlenecks. 

Parallel Computing 10, 277-286 (1989).  DOI: 10.1016/0167-8191(89)90100-2

S. Williams: Auto-tuning Performance on Multicore Computers.  

UCB Technical Report No. UCB/EECS-2008-164. PhD thesis (2008)

http://dx.doi.org/10.1016/0167-8191(89)90100-2
http://www.eecs.berkeley.edu/Pubs/TechRpts/2008/EECS-2008-164.pdf
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Threshold:
Ғ мл-15 F/B for current 

Server CPUs/GPUs

http://dx.doi.org/10.1016/0167-8191(89)90100-2
http://www.eecs.berkeley.edu/Pubs/TechRpts/2008/EECS-2008-164.pdf


Multiple bottlenecks?

Ceilings (flat)

Åά9ȄŜŎǳǘƛƻƴ ƭŜǾŜƭέ ōƻǘǘƭŜƴŜŎƪǎ

Åά²ƻǊƪέ ǊŜƭŀǘŜŘ

ÅIndependent of intensity

Roofs (sloped)

ÅData transfer bottlenecks

Åά¢ǊŀŦŦƛŎέ ǊŜƭŀǘŜŘ

ÅLinear in intensity
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Two kinds of modeling

Predictive

ÅDetermine machine ὦ

ÅCalculate Ὅ, ὖ ȟ

ÅUse ὖ ÍÉÎȟ ὖ ȟȟὍɇὦ

ÅCompare prediction(s) with 
measurement(s)

ÅOptimize, iterate 
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Two kinds of modeling

Predictive

ÅDetermine machine ὦ

ÅCalculate Ὅ, ὖ ȟ

ÅUse ὖ ÍÉÎȟ ὖ ȟȟὍɇὦ

ÅCompare prediction(s) with 
measurement(s)

ÅOptimize, iterate 

Diagnostic/phenomenological

ÅDetermine machine ὦ, ὖ ȟ

ÅMeasure ὡ (performance tools)

ÅMeasure performance ὖ

ÅCompare with applicable 
roof/ceiling

ÅOptimize, iterate
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Predictive modeling
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Diagnostic modeling
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Diagnostic modeling

¢ǿƻ ŎƭǳǎǘŜǊ ƧƻōǎΧ
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What about multiple loops (i.e., solvers)?

Performance-based formulation is inadequateĄ go back to time

Solver: ίcomponents Ὦ ρȣί,  ὸ= modeltime for componentὮ

ISC 2024 Performance Engineering for Linear Solvers 21



What about multiple loops (i.e., solvers)?

Performance-based formulation is inadequateĄ go back to time

Solver: ίcomponents Ὦ ρȣί,  ὸ= modeltime for componentὮ

ISC 2024 Performance Engineering for Linear Solvers 21

ὸ ὸ ὪὝȟȟȣȟὝȟ



What about multiple loops (i.e., solvers)?

Performance-based formulation is inadequateĄ go back to time

Solver: ίcomponents Ὦ ρȣί,  ὸ= modeltime for componentὮ

άwƻƻŦƭƛƴŜέΥ
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Roofline: Simple Examples

Dense linear algebra

Sparse linear algebra

Simple solvers: CG

Hartwig Anzt, hartwig.anzt@kit.eduISC 2024 Performance Engineering for Linear Solvers 24



Dense linear algebra

Roofline thinking: 

What is the computational intensity?
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for( i =0; i <N; ++ i )
s += a[ i ]*b[ i ];

for( i =0; i <N; ++ i ) 
a[ i ] = a[ i ]+s*x[ i ];

for(r=0; r<NR; ++r)   
for(c=0; c<NC; ++c)

y[r] += A[r* NC+c]*x[c];

dot product (BLAS-1)

dense MVM (BLAS-2)
dot-product style

daxpy (BLAS-1)

for(k=0; k<NK;++k)
for(l=0; l<NL; ++l)   

for(m=0; m<NM; ++m)
y[k* NL+l ] += 

A[k* NM+m]*B[l* NM+m];

dense MMM (BLAS-3)



Dot product

ÅTwo DP reads from memory (a[ i ] , b[ i ] ) Ą 16 byte/iteration

Å2 flops (*,+) per iteration

Computational intensity  Ὅ πȢρςυ
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for( i =0; i <N; ++ i )
s += a[ i ] * b[ i ] ;



Daxpy

ÅTwo DP reads, one DP write from/to memory Ą 24 byte/iteration

Å2 flops (+,*) per iteration 

Computational intensity  Ὅ πȢπψσ
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for( i =0; i <N; ++ i ) 
a[ i ] = a[ i ]+s*x[ i ];



Dense MVM

ÅOne DP read from memory for each matrix entry

Åx[] and y[] are read and updated from cache after 1st read

ÅĄ 8 byte and 2 flops per iteration

Computational intensity  Ὅ πȢςυ
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for(r=0; r<NR; ++r)   
for(c=0; c<NC; ++c)

y[r] += A[r* NC+c]*x[c];



Dense MMM?

ÅBlocking/unrolling techniques can increase intensity beyond the 
Roofline knee

Ą peak performance achievable
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for(k=0; k<NK;++k)
for(l=0; l<NL; ++l)   

for(m=0; m<NM; ++m)
y[k* NL+l ] += 

A[k* NM+m]*B[l* NM+m];

for(k=0; k<NK; k+=2)
for(l=0; l<NL; l+=2)   

for(m=0; m<NM; ++m)
y[k* NL+l ]         += A[k* NM+m] * B[l* NM+m] ;
y[(k+1)* NL+l ]     += A[(k+1)* NM+m] * B[l* NM+m] ;
y[k*NL+(l+1)]     += A[k* NM+m] * B[(l+1)* NM+m] ;
y[(k+1)*NL+(l+1)] += A[(k+1)* NM+m] * B[(l+1)* NM+m] ;



Sparse Matrices and SpMV

Sparse Matrix Formats

Sparse Matrix Vector Product Parallelization
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Matrix Vector Multiplication

ÅCentral building block in many complex algorithms: 
ÅOrthogonalization, Krylovbasis generation, preconditioner application,

power iteration in Page Rank Χ

ÅBefore we turn to sparse matrices, we recall how we store & handle dense matrices on 
parallel processors (i.e. GPUs)

Input                 Output 
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__global__ void sgemv_rowmajorό Χύ
{

int row = blockIdx.x*blockDim.x+ threadIdx.x;
float sum = 0.0;
if (row < n){

for( int col=0; col<n; col++){
sum += m[ row*n + col ] * x[ col ];

}
y[ row ] = alpha * sum;

}  
}

__global__ void sgemv_colmajorό Χύ
{

int row = blockIdx.x*blockDim.x+ threadIdx.x;
float sum = 0.0;
if (row < n){

for( int col=0; col<n; col++){
sum += m[ row + n*col ] * x[ col ];

}
y[ row ] = alpha * sum;

}  
}

Matrix Vector Multiplication Input                 Output 

Row-major

Col-major

Parallel threads
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__global__ void sgemv_rowmajorό Χύ
{

int row = blockIdx.x*blockDim.x+ threadIdx.x;
float sum = 0.0;
if (row < n){

for( int col=0; col<n; col++){
sum += m[ row*n + col ] * x[ col ];

}
y[ row ] = alpha * sum;

}  
}

__global__ void sgemv_colmajorό Χύ
{

int row = blockIdx.x*blockDim.x+ threadIdx.x;
float sum = 0.0;
if (row < n){

for( int col=0; col<n; col++){
sum += m[ row + n*col ] * x[ col ];

}
y[ row ] = alpha * sum;

}  
}

Matrix Vector Multiplication Input                 Output 

Row-major

Col-major

Parallel threads

First read
Second read
Third read
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__global__ void sgemv_rowmajorό Χύ
{

int row = blockIdx.x*blockDim.x+ threadIdx.x;
float sum = 0.0;
if (row < n){

for( int col=0; col<n; col++){
sum += m[ row*n + col ] * x[ col ];

}
y[ row ] = alpha * sum;

}  
}

__global__ void sgemv_colmajorό Χύ
{

int row = blockIdx.x*blockDim.x+ threadIdx.x;
float sum = 0.0;
if (row < n){

for( int col=0; col<n; col++){
sum += m[ row + n*col ] * x[ col ];

}
y[ row ] = alpha * sum;

}  
}

Matrix Vector Multiplication Input                 Output 

Row-major

Col-major

Parallel threads

First read
Second read
Third read
Χ

G
F

L
O

P
/s
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Sparse Matrix Vector Multiplication

ÅMatrix     contains only few nonzero elements.
ÅStoring all entries results in large overhead (memory & computation).

Input                 Output 
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Value

ÅMatrix     contains only few nonzero elements.
ÅStoring all entries results in large overhead (memory & computation).
Å Idea: Store only nonzero elements [nz] explicitly.  

Sparse Matrix Vector Multiplication Input                 Output 
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Value

ÅMatrix     contains only few nonzero elements.
ÅStoring all entries results in large overhead (memory & computation).
Å Idea: Store only nonzero elements [nz] explicitly.  

Need to also store location of nonzero elements!

Column-index

Row-index

Memory footprint of COO format:
nz(val) + 2*nz(int) 

COO format Input                 Output 
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Value

ÅMatrix     contains only few nonzero elements.
ÅStoring all entries results in large overhead (memory & computation).
Å Idea: Store only nonzero elements [nz] explicitly.  

Need to also store location of nonzero elements!

Column-index

Row-index

Memory footprint of COO format:
nz(val) + 2*nz(int) 

COO format

Hands-on Exercise: Convert this matrix into COO format:

Compute the memory requirement (# vals + # int)

Input                 Output 
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Value

ÅMatrix     contains only few nonzero elements.
ÅStoring all entries results in large overhead (memory & computation).
Å Idea: Store only nonzero elements [nz] explicitly.  

Need to also store location of nonzero elements!

Column-index

Row-index

Memory footprint of COO format:
nz(val) + 2*nz(int) 

COO format

Hands-on Exercise: Convert this matrix into COO format:

Compute the memory requirement (# vals+ # int)
17 vals + 34 int

Input                 Output 
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Split nonzero elements into chunks and parallelize across chunks.
ÅPartial sums need synchronization / atomics to avoid write conflicts.
ÅNon-coalesced memory access (because row-major).

T1
T2
T3
T4
T5
T6

=*

Column-index

Value

Row-index

COO SpMV Input                 Output 
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Value

ÅMatrix     contains only few nonzero elements.
ÅStoring all entries results in large overhead (memory & computation).
Å Idea: Store only nonzero elements [nz] explicitly.  

Need to also store location of nonzero elements!

Column-index

Memory footprint of COO format:
nz(val) + 2*nz(int) 

CSR (==CRS) format Input                 Output 
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Value

ÅMatrix     contains only few nonzero elements.
ÅStoring all entries results in large overhead (memory & computation).
Å Idea: Store only nonzero elements [nz] explicitly.  

Need to also store location of nonzero elements!

Memory footprint of CSR format:
nz(val) + nz(int) + (n+1) (int)

Column-index

Points to the first element in each row

Number of nonzero elements

Memory footprint of COO format:
nz(val) + 2*nz(int) 

CSR format Input                 Output 
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Value

ÅMatrix     contains only few nonzero elements.
ÅStoring all entries results in large overhead (memory & computation).
Å Idea: Store only nonzero elements [nz] explicitly.  

Need to also store location of nonzero elements!

Memory footprint of CSR format:
nz(val) + nz(int) + (n+1) (int)

Column-index

Points to the first element in each row

Number of nonzero elements

Memory footprint of COO format:
nz(val) + 2*nz(int) 

CSR format Input                 Output 
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Value

ÅMatrix     contains only few nonzero elements.
ÅStoring all entries results in large overhead (memory & computation).
Å Idea: Store only nonzero elements [nz] explicitly.  

Need to also store location of nonzero elements!

Memory footprint of CSR format:
nz(val) + nz(int) + (n+1) (int)

Column-index

Points to the first element in each row

Number of nonzero elements

Memory footprint of COO format:
nz(val) + 2*nz(int) 

CSR format

Hands-on Exercise: Convert this matrix into CSR format:

Compute the memory requirement (# vals + # int)

Input                 Output 
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Value

ÅMatrix     contains only few nonzero elements.
ÅStoring all entries results in large overhead (memory & computation).
Å Idea: Store only nonzero elements [nz] explicitly.  

Need to also store location of nonzero elements!

Memory footprint of CSR format:
nz(val) + nz(int) + (n+1) (int)

Column-index

Points to the first element in each row

Number of nonzero elements

Memory footprint of COO format:
nz(val) + 2*nz(int) 

CSR format

Hands-on Exercise: Convert this matrix into CSR format:

Compute the memory requirement (# vals + # int)
17 vals + 24 int

Input                 Output 
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CSR SpMV

Column-index

Value

How to parallelize this?

Row-pointer

Input                 Output 
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ÅParallelize by rows:
Å9ǾŜǊȅ άǘƘǊŜŀŘέ ƘŀƴŘƭŜǎ ǘƘŜ ŎƻƳǇǳǘŀǘƛƻƴ ƻŦ ƻƴŜ ǎǳƳ ƛƴ ƭƻŎŀƭ ƳŜƳƻǊȅΦ

T1
T2
T3
T4
T5
T6

T1
T2
T3
T4
T5
T6

=*

Column-index

Value

CSR SpMV

Row-pointer

Input                 Output 
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ÅParallelize by rows:
Å9ǾŜǊȅ άǘƘǊŜŀŘέ ƘŀƴŘƭŜǎ ǘƘŜ ŎƻƳǇǳǘŀǘƛƻƴ ƻŦ ƻƴŜ ǎǳƳ ƛƴ ƭƻŎŀƭ ƳŜƳƻǊȅΦ
Å Significant workload imbalance!
ÅCan not store the matrix in Col-Major format for coalesced access!

T1
T2
T3
T4
T5
T6

T1
T2
T3
T4
T5
T6

=*

Column-index

Value

CSR SpMV

Row-pointer

Input                 Output 
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for ( row =0; row <n; row ++ )

{

sum = 0.0;

for ( j= rowptr [ row ]; j< rowptr [row+1]; j++ )

sum += values [ j ] * x[ colind [j] ];

y[ row ] =  alpha * sum;    

}

CSR SpMV

Storing values and columns in row-major.
-> On GPUs: non-coalesced memory access

Input                 Output 
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for( row=0; row<n; row++ )

{

sum = 0.0;

for( j=rowptr[row]; j<rowptr[row+1]; j++)

sum += values[ j ] * x[ colind[j] ];

y[ row ] =  alpha * sum;    

}

CSR SpMV

Storing values and columns in row-major.
-> On GPUs: non-coalesced memory access

Can we use column-major? 
-> Only if all rows contain the same number of nonzero elements

Input                 Output 
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for( row=0; row<n; row++ )

{

sum = 0.0;

for( j=rowptr[row]; j<rowptr[row+1]; j++)

sum += values[ j ] * x[ colind[j] ];

y[ row ] =  alpha * sum;    

}

CSR SpMV

Storing values and columns in row-major.
-> On GPUs: non-coalesced memory access

Can we use column-major? 
-> Only if all rows contain the same number of nonzero elements

Input                 Output 
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ELL Format Input                 Output 
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ELL Format Input                 Output 

`Left-ŀƭƛƎƴ ƴƻƴȊŜǊƻ ŜƭŜƳŜƴǘǎΩ
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ELL Format Input                 Output 

`Left-ŀƭƛƎƴ ƴƻƴȊŜǊƻ ŜƭŜƳŜƴǘǎΩ

Pad rows to uniform length

Memory volume: 
values: max_nnz_row* num_rows
col-index: max_nnz_row* num_rows
no row pointer
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ELL Format Input                 Output 

Pad rows to uniform length

Memory volume: 
values: max_nnz_row* num_rows
col-index: max_nnz_row* num_rows
no row pointer
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ELL SpMV Input                 Output 

T1
T2
T3
T4
T5
T6

Memory volume: 
values: max_nnz_row* num_rows
col-index: max_nnz_row* num_rows
no row pointer

Pad rows to uniform length
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ELL SpMV Input                 Output 

T1
T2
T3
T4
T5
T6

Memory volume: 
values: max_nnz_row* num_rows
col-index: max_nnz_row* num_rows
no row pointer

Coalesced access

Pad rows to uniform length
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ELL SpMV Input                 Output 

T1
T2
T3
T4
T5
T6

Memory volume: 
values: max_nnz_row* num_rows
col-index: max_nnz_row* num_rows
no row pointer

Coalesced access
Can be wasteful (overhead)

Pad rows to uniform length
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ELL SpMV Input                 Output 

T1
T2
T3
T4
T5
T6

Memory volume: 
values: max_nnz_row* num_rows
col-index: max_nnz_row* num_rows
no row pointer

Coalesced access
Can be wasteful (overhead)

Pad rows to uniform length

Hands-on Exercise: Convert this matrix into ELL format:

Compute the memory requirement (# vals+ # int)

ISC 2024 Performance Engineering for Linear Solvers 59



ELL SpMV Input                 Output 

T1
T2
T3
T4
T5
T6

Memory volume: 
values: max_nnz_row* num_rows
col-index: max_nnz_row* num_rows
no row pointer

Coalesced access
Can be wasteful (overhead)

Pad rows to uniform length

Hands-on Exercise: Convert this matrix into ELL format:

Compute the memory requirement (# vals+ # int)
36 vals + 36 int
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ÅPartition the matrix into blocks & use ELL for the distinct blocks.
ÅReduce overhead of ELL.
ÅCan still store col-major.

Sliced-ELL Format Input                 Output 
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ÅPartition the matrix into blocks & use ELL for the distinct blocks.
ÅReduce overhead of ELL.
ÅCan still store col-major.

Block0

Block1

Block2

Sliced-ELL Format Input                 Output 
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ÅPartition the matrix into blocks & use ELL for the distinct blocks.
ÅReduce overhead of ELL.
ÅCan still store col-major.

Block0

Block1

Block2

Sliced-ELL Format Input                 Output 
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ÅPartition the matrix into blocks & use ELL for the distinct blocks.
ÅReduce overhead of ELL.
ÅCan still store col-major.
ÅNeed for a row pointer.

sliced-ELL format :

Slice matrix into blocks, store blocks in ELL format with offset-pointer.

Block0

Block1

Block2

Sliced-ELL Format Input                 Output 

rowptr = [ 0  10  14  16 ] 
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Sliced-ELL GeMV 

Hands-on Exercise: Convert this matrix into Sliced-ELL format (SELL-2):

Compute the memory requirement (# vals+ # int)

Input                 Output 
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Sliced-ELL GeMV 

Hands-on Exercise: Convert this matrix into Sliced-ELL format (SELL-2):

Rowptr : 0 6 18 26

Compute the memory requirement (# vals+ # int)
26 vals + 26 + 4 int

Input                 Output 
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Sliced-ELL GeMV Input                 Output 

ÅHow can we optimize this? Minimize the overhead? What is the overhead dependent on?
ÅBring rows with similar number of nonzero elements into the same block.
Å{ƻǊǘ Ǌƻǿǎ ōȅ άƭŜƴƎǘƘέ ŀƴŘ ǊŜƻǊŘŜǊ ǘƘŜ ƳŀǘǊƛȄΣ ǘƘŜƴ ŎƻƴǾŜǊǘ ǘƻ {ƭƛŎŜŘ-ELL

ÅWhat happens for block-size 1?
ÅWhat happens for block size n (matrix size)?
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SpMVFormats and Kernels

ά5ƛŦŦŜǊŜƴǘ ƪŜǊƴŜƭǎ ƻǇǘƛƳŀƭ ŦƻǊ ŘƛŦŦŜǊŜƴǘ ǇǊƻōƭŜƳǎέ

COO
Å can compensate workload imbalance for irregular patterns
Å Efficient for MIMD processing
Å Strong support for atomics needed
CSR
Å small memory footprint
Å Needs some logic for row-parallel processing 
Å Efficient for MIMD processing

ELL
Å Efficient for balanced matrices
Å Enables col-major storage
Å Efficient for SIMD processing

SELL-c
Å Enables col-major storage
Å Tunable between CSR and ELL
Χ

Input                 Output 
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SpMV(CSR)
Roofline
Optimistic intensity:
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for (int row = 0; row < num_rows; ++row) {
double sum = 0.0;
for (int k = row_ptrs [row] ; k < row_ptrs [row + 1]; ++k)

sum += mat_values [k] * b[ col_idxs [k] ] ;
x[row] += sum;

}
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SpMV(CSR)
Roofline
Optimistic intensity:
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for (int row = 0; row < num_rows; ++row) {
double sum = 0.0;
for (int k = row_ptrs [row] ; k < row_ptrs [row + 1]; ++k)

sum += mat_values [k] * b[ col_idxs [k] ] ;
x[row] += sum;

}

= + ω



SpMV(CSR)
Roofline
Optimistic intensity:
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for (int row = 0; row < num_rows; ++row) {
double sum = 0.0;
for (int k = row_ptrs [row] ; k < row_ptrs [row + 1]; ++k)

sum += mat_values [k] * b[ col_idxs [k] ] ;
x[row] += sum;

}
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SpMV(CSR)
Roofline
Optimistic intensity:
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for (int row = 0; row < num_rows; ++row) {
double sum = 0.0;
for (int k = row_ptrs [row] ; k < row_ptrs [row + 1]; ++k)

sum += mat_values [k] * b[ col_idxs [k] ] ;
x[row] += sum;

}
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SpMV(CSR)
Roofline
Optimistic intensity:
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for (int row = 0; row < num_rows; ++row) {
double sum = 0.0;
for (int k = row_ptrs [row] ; k < row_ptrs [row + 1]; ++k)

sum += mat_values [k] * b[ col_idxs [k] ] ;
x[row] += sum;

}
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SpMV(CSR)
Roofline
Optimistic intensity:
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for (int row = 0; row < num_rows; ++row) {
double sum = 0.0;
for (int k = row_ptrs [row] ; k < row_ptrs [row + 1]; ++k)

sum += mat_values [k] * b[ col_idxs [k] ] ;
x[row] += sum;

}
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SpMV(CSR)
Roofline
Optimistic intensity:
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for (int row = 0; row < num_rows; ++row) {
double sum = 0.0;
for (int k = row_ptrs [row] ; k < row_ptrs [row + 1]; ++k)

sum += mat_values [k] * b[ col_idxs [k] ] ;
x[row] += sum;

}

Ὅ
ςὔὲᾀ

ρςὔ Ҍςπὔ Ҍψὔ

&

"

= + ω

ρ

φҌρπȾὔ Ҍτκὔ

&

"

ρ

φҌρπȾὔ Ҍτκὔ

&

"

ḻ ρ

φ

&

"

s
q
u
a

re
 m

a
trix



wƻƻŦƭƛƴŜ άŦŀƛƭǳǊŜέ ǿƛǘƘ SpMV

Reasons for performance not attaining the limit

1. Intensity lower than the minimum
ÅMore RHS traffic than the optimistic limit ( "Ⱦ&)

2. ά{ƭƻǿ ŎƻŘŜέ
ÅάƛƴǾƛǎƛōƭŜέ ǇŜǊŦƻǊƳŀƴŎŜ ŎŜƛƭƛƴƎ ŘǳŜ ǘƻ ƛƴŜŦŦƛŎƛŜƴǘ ƛƴǎǘǊǳŎǘƛƻƴǎ ƻǊ ƛƴŜŦŦƛŎƛŜƴǘ 

execution

3. Load imbalance
ÅA single process/thread cannot saturate the memory bandwidth

4. Erratic memory access patterns for RHS
ÅLatency dominates
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Experiences with SpMVon GPUs

Looking at ~3,000 test matrices from Suite Sparse Matrix Collection
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Absolute CSR  limit for 
ὦ σ4"ȾÓ



Ginkgo Sparse Linear Algebra Library
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https://github.com/ginkgo-project/ginkgo

https://github.com/ginkgo-project/ginkgo


Ginkgo SpMVon different architectures

https://github.com/ginkgo-project/ginkgo/tree/develop/benchmark/spmv
benchmark/spmv/spmv-input '[{"stencil":"27pt","size":5000000}]' -executor cuda-formats csrc,coo,ell-repetitions auto
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https://github.com/ginkgo-project/ginkgo/tree/develop/benchmark/spmv


Matrix Power Kernel (MPK)

ÅCalculate: ώ ὃὼ

ÅRepeatedlyperform back-to-back SpMVs:

ÅMatrix ὃloaded ὴtimes from main memory

ÅPotential for caching the matrix entries?

ÅĄSee last part of tutorial
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for k=1:p; do

y[ k] = SpMV( A, y[k - 1] )

done

C. L. Alappat et al.:Level-based Blocking for SparseMatrices: SparseMatrix-Power-Vector Multiplication . IEEE 
Transactions on Parallel and Distributed Systems 34(2), 581-597 (2023), DOI:10.1109/TPDS.2022.3223512

https://dx.doi.org/10.1109/TPDS.2022.3223512
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y[0]

ὼ

for k=1:p; do

y[ k] = SpMV( A, y[k - 1] )

done
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Conjugate Gradients and Preconditioning

9ȄǘǊŀŎǘƛƴƎ LƴŦƻǊƳŀǘƛƻƴ ŦǊƻƳ {Ǉa±Ωǎ

Optimal Method: CG

Preconditioning using Matrix Polynomials

Jonas Thies (j.thies@tudelft.nl)ISC 2024 Performance Engineering for Linear Solvers 76
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Motivating Iterative Linear Solvers

ISC 2024

As Direct Solvers are costly and 

full of Data Dependencies...

How can we solve a linear system 

using Sparse Matrix-Vector 

(SpMV) products ??
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Richardson Iteration

ISC 2024

The Geometric Series converges for |x|<1

The Neumann Series converges for ||A||<1

The most simple iterative 

method one can 

imagine:
can also be written as
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Better Approximations

ISC 2024

Richardsonôs method 

approximates x in the 

kôth Krylov subspace

Idea: always add a direction orthogonal to the previous ones

We can choose better coefficients by realizing that Krylov vectors tend to 

point more and more in the direction of the largest Eigenvector of A
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Where V is orthonormal:
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!ǊƴƻƭŘƛΩǎ aŜǘƘƻŘ

ISC 2024

They satisfy the Arnoldi-relation

Where V is orthonormal:

is ñupper Hessenbergò

By construction, the eigenvalues of Hk,k (ñRitz Valuesò) approximate those of A as 
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Only need to orthogonalize against two vectors!

(ñshort recurrenceò)
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If A is Symmetric...

ISC 2024

is (still) upper Hessenberg ...and symmetric!

Lanczos algorithm:

Only need to orthogonalize against two vectors!

(ñshort recurrenceò)
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Conjugate Gradient Algorithm

ISC 2024

Based on the Lanczos method, one can 

derive an iterative linear solver 

For symmetric and positive definite 

(spd) matrices

That minimizes the error in every iteration

And only requires storing three additional 

vectors
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CG Implementation
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Convergence & Spectrum

Lower bound on convergence rate:

ISC 2024

In practice, this bound is very pessimistic:Whenever an extreme 
Ritz value converges, it no longer affects convergence

Where is called the spectral condition number.
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Precondioning, General Idea

ISC 2024

We can solve one of the related linear systems

(right preconditioning)(left preconditioning) (two-sided preconditioning)

Construction 

and application 

of M-operators 

should be cheap

Resulting 

operator 

shouldhave 

more favorable 

spectrum

Additional work 

should be 

amortized by 

faster 

convergence

Required 

operations 

should run well 

on target 

hardware
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A Simple Polynomial Preconditioner

Let 

ISC 2024

And solve the preconditioned problem  
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And solve the preconditioned problem  
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Better Preconditioners

¸ Incomplete Cholesky:

¸ IChol, approx. triangular solves by polynomial

¸ Domain Decomposition (mostly distrib. memory)

¸ Multigrid methods: use SpMV-based smoothers

Alappat et al: Algebraic Temporal Blocking for Sparse Iterative 
Solvers on Multi-Core CPUs. 
(submitted, https://arxiv.org/abs/2309.02228)
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Python/Numba Implementation
(Live Demo)

Code available at 

https://go-nhr.de/PELS-Code
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Cache Blocking for the Matrix Power Kernel
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Motivation ςSparseMatrix VectorMultiplication

ÁEasy to parallelizebut sparseirregulardatastructures/ accesses

ÁSpMVPerformance ăĄ StronglyMemory Bound(high codebalance)

= + ω

C( :) C( :) A( :,:) B( :)
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RACE & Cache Blocking for MPK
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C. L. Alappat, G. Hager, O. Schenk, and G. Wellein: Level-basedBlocking for
SparseMatrices: SparseMatrix-Power-Vector Multiplication. IEEE Transactions 
on Parallel and Distributed Systems34(2), 581-597 (2023), 
DOI:10.1109/TPDS.2022.3223512

https://dx.doi.org/10.1109/TPDS.2022.3223512
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Motivation ςMatrix power kernel (MPK)

for k=1:p; do

y[ k] = SpMV( A, y[k - 1] )

done

y[0] y[1] y[2] y[3]

ὃὼ ὃὼὃὼὼ

SpMV SpMV SpMV

ÁCalculate: ώ ὃὼ

ÁRepeatedlyperformback to back SpMVs

Same matrix ὃloaded ὴtimes from main memory!!!

How to cache the matrix ὃacross the matrix power calculation?
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MPK ςexistingcachingapproaches

ÁHuber et al.: Graph-based higher-order time integration of PDEs1

ÁάDŜƻƳŜǘǊƛŎŀƭ ŀǇǇǊƻŀŎƘέ based on matrix bandwidth

ÁWorks for 2D stencil matrices ĄRuns into problem for 3D and/or unstructured 
matrices

ÁMohiyuddinet al.: Minimizing communication in sparse matrix solvers2

Áά5ƻƳŀƛƴ ŘŜŎƻƳǇƻǎƛǘƛƻƴέ ƻŦ ǳƴŘŜǊƭȅƛƴƎ ƎǊŀǇƘ 

ÁwŜǉǳƛǊŜǎ άƎƘƻǎǘƛƴƎέ Ą Indirect accesses or redundant copies of the matrix entries Ą

Scalability!!

Ą Exploit level structure in RACE for cache blocking!

1Huber et al., 2021. Graph-based multi-core higher-order time integration of linear autonomous partial differential equations. J.Comput. Sci. DOI:10.1016/j.jocs.2021.101349

2Mohiyuddin et al., 2009. Minimizing communication in sparse matrix solvers. In Proceedings of the SCΩ09. DOI:10.1145/1654059.1654096

RACE

https://doi.org/10.1016/
https://doi.org/10.1016/j.jocs.2021.101349
https://doi.org/10.1145/1654059.1654096
https://doi.org/10.1145/1654059.1654096
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