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Tutorial Agenda

ABrief introduction to noddevel computer architecture
APerformance modeling with the Roofline model

ASparse matrixector multiplication SpM\j performance and sparse
matrix data formats, and Roofline modelingSyMV

AThe Conjugate Gradient (CG) algorithm

APreconditioning and preconditioned CG (PCG)
AAccelerating matrix power kernels (MPK) by cache blocking
AOptional: distributedmemorySpMVand MPK cache blocking



HPC Node Architecture



Multi-core today: Intel Xeon Sapphire Rapids (2023)

A . & 2Sapphire Rapids 6t f F GAydzykD2f R 7
Up to 60 cores running at 1.7+ GHz i
Ob a¢CdzZNb2 az2RS¢€ nody DIl U0Z

r

A aLYyGSt T1¢ LINROS&aa «k dzLJ (2
A Multi-die package (4 chips)

A Clock frequency:
flexible J

https://www.techpowerup.com/292204/intekapphirerapidsxe on4-tile-mcm-annotated
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Generalpurpose cachdased microprocessor core

ALYLX SYSy(da af{ 02NBR t |

concept (Turing 1936)

L1 lcache

A Similar designs on all modern systems

A (Still) multiple potential bottlenecks

A Bottleneck mitigations
A Caches (instruction/data)
A Instrudion-level parallelism

—

Modern CPU core

A Outof-order and speculative execution

ISC 2024
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Nodetopologyof HPGsystems
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Architecture
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Memory Controller | Memory Controll~.

JelionuoD Aioway | iallonuos Aloway | Jslion

T+ 5 13 £33 513 - - 2 23 5 T 13
NVLink NVLink k NVLink WVLin k NVLink k NVLink NVLink NVLink NVLink NVLink

~ 34 TFlop/s DP peak (FP64)
50 MiB L2 Cache

80 GB HBM3
MemBW ~ 3300 GB/s (theoretical)
MemBW ~ 3000 GB/s (measured)
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Structure of typical solver code

iterate

» time

update(data);

{ parallel_for (i =0..N){// NS>

}

Runtime model: Y "Q$ STUB HARDWARE

ISC 2024 Performance Engineering for Linear Solvers

NnSteady stateo

A Repetitive

A Negligible startup/wind-down
overhead
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Resource bottlenecks

What is themaximum performancwhen limited by éottleneck?
AResource bottleneckelivers resources at maximum raie
Aw = needed amount of resources

Machine
properties

Code
properties

ISC 2024 Performance Engineering for Linear Solvers 11



Resource bottlenecks

Minimum runtimedue tobottleneck’@Q Y ——

AMultiple bottlenecks? )
A multiple minimum runtimesY g7 QY Y
AOverallperformance: \ |
U A~y = -
Y E]
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Simple bottleneck models for single loops

Two bottlenecks:

#pragma omp parallel for e e e e e e Fe e |«
for( 1=0; 1<107;++ i) . 'J CAUBA
: : , : N —— L/ T Hﬂj O
a[i] = a[i] S c[i]; | Mamory ] O
8-core CPU

(3 GHz Intel Sandy Bridge)
W o ¢y pmAUOAO
y c8 pnAUC)Agﬂ,O
“AUOA ?
RN
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Bottleneck models for single loops

How do we reconcile the multiple bottlenecks?
l.e., what is the functional form 6f2"YI8 "Y ?

A pessimistianodel (no overlap): "@YM Y) B Y
A optimisticmodel (full overlap): "@'YB "Y) | A@/B"Y ﬂ

O()e\ 100%\
o et o

Our example (two bottlenecks)Y g7 I A@y HY ) ol O %\N\\@w
Q

atb EAYdY LISNBewat $9S éa— BB & 1070
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From time to performance

C

Machine model:
Peak performance
[flop/s]

ISC 2024

T

Application model:

Computational
intensity [flop/byte]

Machine model:
Memory bandwidth
[byte/s]

Performance Engineering for Linear Solvers
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R.W. Hockney and I.J. Curington:
fio: A parameter to characterize memory and communication bottlenecks.
Parallel Computing 10, 277-286 (1989). DOI: 10.1016/0167-8191(89)90100-2

4 o~ r
u W 2 2 1: f A y :5 8 I I K S. Williams: Auto-tuning Performance on Multicore Computers.

UCB Technical Report No. UCB/EECS-2008-164. PhD thesis (2008)

Common nomenclature:

'Y A 0O peak performance -
v 5 . S Pea
Y A w memory bandwidth 5| ——
compute
e . . . bound
A "Ocomputational intensity =
bound
T
/ 7
" - Z 5 ~., 5 Intensity
U | E( hO w
C ) Threshold: /
F -©57F/B for current
Server CPUs/GPUs
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http://dx.doi.org/10.1016/0167-8191(89)90100-2
http://www.eecs.berkeley.edu/Pubs/TechRpts/2008/EECS-2008-164.pdf

Multiple bottlenecks?

Cellings (ﬂat)/\uf\
A9 ESOdziAzy t SOSt ¢ | | o

Aa2 2NJ ¢ NBEI 0SR
Alndependent of intensity

Roofs (sloped)
AData transfer bottlenecks

Ad ¢ NI TFAOE NBfFGOSR
ALinear in intensity ) .

Performance P [Gflop/s]

10 10° 10’
Computational intensity / [flop/byte]



Two kinds of modeling

Predictive Diagnostic/phenomenological

ADetermine machine ADetermine machine,0

ACalculatéQ0 AMeasurew (performance tools)

AUsed | EF(0 [ h'Ogn ) AMeasure performance

ACompare prediction(s) with ACompare with applicable
measurement(s) roof/celling

AOptimize, iterate AOptimize, iterate

ISC 2024 Performance Engineering for Linear Solvers 18



Predictive modeling

(L
. N>
£ V h
S .
N

0 0 Intensity
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Diagnostic modeling

50100200 500 1k 2k 5k

Performance [GFLOPS]
1020

5

2

(.01 0.1
Time: 90909099
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What about multiple loops (i.e., solvers)?

Performancebased formulation isnadequateA goback to time
Solveri componentsQ p8 i, 6 =modeltime for componentQ

0 0 "(é"Yﬁ 3 Fi'Yﬁ)

awz 2 Tt . -
0 | A@Y gHY §)



Roofline: Simple Examples
Dense linear algebra

Sparse linear algebra

Simple solvers: CG

ISC 2024 Performance Engineering for Linear Solvers
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Dense linear algebra

for( 1=0; 1<N;++1i)

a[i]=al i]+s*x[ il; for(k=0; k<NK;++k)

for(I=0; I<NL; ++I)
daxpy (BLAS) for(m=0; m<NM; ++m)
y[k* NL+I] +=
Alk* NM+iB[I*  NM+in
@i U207 [N a== 1) dense MMM (BLAS)
s+=a[ I ]*b[ 1];

dot product (BLAZ) for(r=0; r<NR; ++r)

for(c=0; c<NC; ++cC)
ylr] += Alr* NC+¢*x[c];

Roofline thinking: dense MVM (BLAS)
What is the computational intensity? dot-product style

ISC 2024 Performance Engineering for Linear Solvers
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Dot product o i Tob

ATwo DP reads from memorg[(i | ,b[i])A 16 byteliteration
A2 flops (*,+) per iteration

Computational intensityO H Cb—

ISC 2024 Performance Engineering for Linear Solvers 26



for( i=0; i <N:;++i)

Daxpy ali]=al il]+s*x[ i];

ATwo DP reads, one DP write from/to memdyy24 byteliteration
A2 flops (+,*) per iteration

Computational intensityO a8t Y-6—



for(r=0; r<NR; ++r)
for(c=0; c<NC; ++c)

Dense MVM VI += Al NC+E*x[cl;

AOne DP read from memory for each matrix entry
Ax[] andy[] are read and updated from cache aftefead
AA 8 byte and 2 flops per iteration

Computational intensityOQ —— 18 v—



for(k=0; k<NK:++k)
for(1=0; I<KNL; ++)
Dense MMM? (0N )
y[k* NL+I] +=
A[K* NM+B[I*  NM-+in

ABlocking/unrolling techniques can increase intensity beyond the
Roofline knee

for(k=0; k<NK; k+=2)
for(I=0; I<NL; [+=2)
for(m=0; m<NM; ++m)

y[k* NL+] += A[K* NM-+irt B[I* NM-+i
y[(k+1)* NL+] += *B[I* NM-+i
yIK*NL+(1+1)]  += Alk* NM+irk B[(I+1)*  NM-+ir
y[(k+1)*NL+(1+1)] += *B[(I+1)* NM-+in

A peak performance achievable



Sparse Matrices arggpMV
Sparse Matrix Formats
Sparse Matrix Vector Product Parallelization

ISC 2024 Performance Engineering for Linear Solvers
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Matrix Vector Multiplication InputA,z,y  Outpyt= A - x

A Central building block in many complex algorithms:
A OrthogonalizationKrylovbasis generation, preconditioner application,
power iteration in Page Rank

A Before we turn to sparse matrices, we recall how we store & handle dense matrices on
parallel processors (i.e. GPUSs)



Matrix Vector Multiplication

__global__ voicdgemv_rowmajod X 0
{
int row =blockldx.%blockDim.x+ threadldx.x
float sum = 0.0;
if (row < n){
for(int col=0; col<n; col++){
sum += m[ row*n + col] * x[ col |;
}
y[ row ] = alpha * sum;
}
}

__global__ voidgemv_colmaja¥ X 0
{
int row =blockldx.*blockDim.x+ threadldx.x
float sum = 0.0;
if (row < n¥
for(int col=0; col<n; col++){
sum += m[ row + n*col ] * X[ col ];
}
y[ row ] = alpha * sum;
}
}

ISC 2024

Parallel threads Rowmajor

Colmajor

Performance Engineering for Linear Solvers

Input A, =, y

Outpyt= A - x
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Matrix Vector Multiplication

__global__ voicdgemv_rowmajod X 0
{
int row =blockldx.%blockDim.x+ threadldx.x
float sum = 0.0;
if (row < n){
for(int col=0; col<n; col++){
sum += m[ row*n + col] * x[ col |;
}
y[ row ] = alpha * sum;
}
}

__global__ voidgemv_colmaja¥ X 0
{
int row =blockldx.*blockDim.x+ threadldx.x
float sum = 0.0;
if (row < n¥
for(int col=0; col<n; col++){
sum += m[ row + n*col ] * X[ col ];
}
y[ row ] = alpha * sum;
}
}

ISC 2024

Parallel threads Rowmajor

= ==

Colmajor

=
= I
vy

[First read |
'Second read|
' Third read

Performancs(Englneerlng forLinear Solvers

Input A, =, y

Outpyt= A - x
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Matrix Vector Multiplication

__global__ voicdgemv_rowmajod X 0
{
int row =blockldx.%blockDim.x+ threadldx.x
float sum = 0.0;
if (row < n){
for(int col=0; col<n; col++){
sum += m[ row*n + col] * x[ col |;
}
y[ row ] = alpha * sum;
}
}

__global__ voidgemv_colmaja¥ X 0
{
int row =blockldx.*blockDim.x+ threadldx.x
float sum = 0.0;
if (row < n¥
for(int col=0; col<n; col++){
sum += m[ row + n*col ] * X[ col ];
}
y[ row ] = alpha * sum;
}
}

ISC 2024

Parallel threads Rowmajor

=

Input A, x, y Outpuyt= A - x

V100 float: gflops

@ row_gflops @ col_gflops
400

300

200

GFLOP/s

100

0

0 10000 20000 30000

dim

Colmajor
| I
vy

[First read

)

'Second read|

' Third read

Performancs(Englneerlng forLinear Solvers 34



Sparse Matrix Vector Multiplication InputA,z,y  Outpyt= A - x

A Matrix A contains only few nonzero elements.
A Storing all entries results in large overhead (memory & computation).



Sparse Matrix Vector Multiplication InputA,z,y  Outpyt= A - x

A Matrix A contains only few nonzero elements.
A Storing all entries results in large overhead (memory & computation).
A Idea:Store only nonzero elements [nz] explicitly.

(5.4 1 0 0 0 O \
22 83 0 3.7 13 38
0 42 0 0 O

5.4 0 92 0 0
0 0 0 1.1

\ 0

0 0 0 81)
value=[ 54 1.1 22 83 37 13 38 42 54 92 1.1 81 |  Value

0
0
0
0



COO format Input A, z,y  Outpyt= A - x

A Matrix A contains only few nonzero elements.
A Storing all entries results in large overhead (memory & computation).
A Idea:Store only nonzero elements [nz] explicitly.

Need to also store location of nonzero elements!

(54 11 0 0 0 0\ Memory footprint of COO format:

22 83 0 3.7 13 38 nz(val) + 2*nz(int)

0 0 42 0 0 0

54 0 0 92 0 0
0o 0 0 0 11

\ 0 0

0 0 0 81)
value=[ 54 1.1 2.2 83 37 13 38 42 54 92 11 81 | Value
colidsk=[ 0 1 0 1 3 4 5 2 0 3 4 5 ]

Columnindex

rowidx = 0 0 1 1 1 1 1 2 3 3 4 5 | Rowindex

ISC 2024 Performance Engineering for Linear Solvers 37



COO format Input A, z,y  Outpyt= A - x

A MatrixA Cor.h-.:.m-. Anbhs fainr mAanm—oara Alananmia
ﬁ Storl.ng all ey Handson Exercise: Convert this matrix into COO format:
ldea: Store o
Need t
(0 0 0 4 2 0\ |
02 300 1 D format:
0O 0 0 0 0 O
1 2 3 4 3 1
0 2 0 0 0 1
\1 2300 1)
value=| b5
colidx =] 0
Compute the memory requirement (# vals + # int)

rowidx = 0 0 I 1 1 1 I 2 3 3 4 5 ] Rowindex



COO format Input A, z,y  Outpyt= A - x
A MatrixA Cor.h-.:.m-. At fains mAam—mAara Alaanmta~
A Storl.ng all e Handson Exercise: Convert this matrix into COO format:
A ldea:Store o
Need t
(0 0 0 4 2 0\ |
0 2 3 0 0 1 D format:
O 0 0 0 0 O
1 2 3 4 3 1
0 2 0 0 0 1
\1 2300 1)
value=1[ 5
colidx =] 0
Compute the memory requirement (#als+ # int)
, 17 vals + 34 int
rowidx = 0 U I 1 1 I I Z 3 3 4 5 Rowindex



CO(BPMV Input A, z,y  Outpyt= A - x

Split nonzero elements into chunks apalrallelize across chunks.
A Partial sums need synchronization / atomics to avoid write conflicts.
A Noncoalesced memory access (because-roajor).

access to access to
input vector x output vector y

/54 11 0 0 0 O Tl
22 83 10 |37 1.3 ) T2,
| 0o 0 0 0 ©0 . ) _ T34
A=I37o0 0 9210 o0 ; B T4;'\

0o 0 o0 o0 |11} o ) T
. Fab
0 0 0 0 0 ) \ Torg

value=[ 54 1.1 2.2 83 |3.7 13|38 4.2]|54 9.2]]1.1 8.1] ] Value

colidx =] 0 1 0 1 3 4 5 211 0 3|14 5

—

Columnindex

rowidx = [ | 0 0 1 1 1 1 1 21 3 3|14 51]] Rowindex

ISC 2024 Performance Engineering for Linear Solvers 40



CSR (==CRS) format

A Matrix A contains only few nonzero elements.
A Storing all entries results in large overhead (memory & computation).
A Idea:Store only nonzero elements [nz] explicitly.

Need to also store location of nonzero elements!

Input A, =, y

Outpyt= A - x

Memory footprint of COO format:

(54 11 0 0 0 0 .
22 83 0 37 13 38 nz(val) + 2*nz(int)
A_| 0o 0 a2 0 0 0
"l 54 0 0 92 0 o0
0 0 0 0 11
\ 0 0 0 0 0 81)
value=[ 54 1.1 2.2 83 37 13 38 42 54 92 11 81 ] Value
colid«k=[ 0 1 0 1 3 0 3 5 ]

ISC 2024

Performance Engineering for Linear Solvers

Columnindex
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CSR format Input A, z, 5

Outpyt= A - x

A Matrix A contains only few nonzero elements.
A Storing all entries results in large overhead (memory & computation).
A Idea:Store only nonzero elements [nz] explicitly.

Need to also store location of nonzero elements!

value = |

colidx = |

ISC 2024

Memory footprint of COO format:

(54 L1 0 0 0 0 ) —
22 83 0 37 13 38 nz(val) + 2*nz(int)
A-| 0 0 42 0 0 0 _
|l 54 0 0 92 0 0 Memory footprint of CSR format:
0 0 0 110 nz(val) +nz(int) + (n+1) (int)
\ 0o 0 0 0 o0 81)

54 1.1 22 83 3.7 13 38 42 54 92 1.1 81 ]

0 1

- ‘\><<

rowptr=| 0

Value

Columnindex

> ) /J

11 @ Points to the first element in each row

Number of nonzero elements

Performance Engineering for Linear Solvers 42



CSR format Input A, z, 5

Outpyt= A - x

A Matrix A contains only few nonzero elements.
A Storing all entries results in large overhead (memory & computation).
A Idea:Store only nonzero elements [nz] explicitly.

Need to also store location of nonzero elements!

value = |

colidx = |

ISC 2024

Memory footprint of COO format:

(54 L1 0 0 0 0 ) —
22 83 0 37 13 38 nz(val) + 2*nz(int)
A-| 0 0 42 0 0 0 _
|l 54 0 0 92 0 0 Memory footprint of CSR format:
0 0 0 110 nz(val) +nz(int) + (n+1) (int)
\ 0o 0 0 0 o0 81)

54 1.1 22 83 3.7 13 38 42 54 92 1.1 81 ]

0 1

- ‘\><<

rowptr=| 0

Value

Columnindex

> ) /J

11 @ Points to the first element in each row

Number of nonzero elements

Performance Engineering for Linear Solvers 43



CSR format Input A, z,y  Outpyt= A - z

A MatrixA Cor.h-.:.m-. At fainr mmammAara AlAmaninta
A Storl.ng all e Handson Exercise: Convert this matrix into CSR format:
A ldea:Store o
Need t
( 0 00 4 2 0 \ |
0 2 3 0 0 1 D format:;
O 0 0 0 0 O
1 2 3 4 3 1 X format:
0 2 0 O 0 1 (int)
\1 2300 1)
value=1[ 5
colidx = 0
Compute the memory requirement (# vals + # int)

rowptr=|[ 0 2 7 8 10 11 (12) ] Points to the first element in each row

Number of nonzero elements

ISC 2024 Performance Engineering for Linear Solvers 44



CSR format Input A, z,y  Outpyt= A - z

A MatrixA Cor.h-.:.m-. At fainr mmammAara AlAmaninta
A Storl.ng all e Handson Exercise: Convert this matrix into CSR format:
A ldea:Store o
Need t
( 0 00 4 2 0 \ |
0 2 3 0 0 1 D format:;
O 0 0 0 0 O
1 2 3 4 3 1 X format:
0 2 0 O 0 1 (int)
\1 2300 1)
value=1[ 5
colidx = 0
Compute the memory requirement (# vals + # int)
17 vals + 24 int

rowptr=|[ 0 2 7 8 10 11 (12) ] Points to the first element in each row

Number of nonzero elements

ISC 2024 Performance Engineering for Linear Solvers 45



CSlSpMV Input A, z,y  Outpyt= A - x

How to parallelize this?

(5.4 1.1 0 0 0 O \
22 83 0 3.7 13 38
0O 0 42 0 0 0

54 0 0 92 0 0
0o 0 0 0 11

\ 0 0

0 0 0 81)
value=[ 54 11 22 83 37 13 38 42 54 92 11 81 ] Value
colidx=[ 0 1 0 5 2 0 3 4 5 |

1 3 4
- ‘ﬁ§< )%
o 2 7

rowptr = 8 10 11 12 ] Rowpointer

Columnindex

ISC 2024 Performance Engineering for Linear Solvers 46



CSESpMV

A Parallelize by rows:

A9OQOBSNE GOKNEBI Ré

KIFyRt Sa GKS 02YLMzil GA2Y

Input A, =, y

access to
input vector x
T1 [ b4 1.1 O 0 0 0 \
T2 22 83 0 3.7 13 3.8 )
T3 0 0 42 0 0 0 * ) _
174 {54 0 0 92 0 0 | ) B
T5 0 0 0 )
76\ 0 0 0 :

value=[ 54 1.1 22 83 3.7 13 338

colidx = 0 1 0
.

rowptr =

ISC 2024

5

] Value

) Columnindex

1 3 4
S <
0 2 7

~

8

10 11 12 ] Rowpointer

Performance Engineering for Linear Solvers

access to
output vector y

T1
T2
T3
T4
TS
16

Outpyt= A - x

:

2 T



CSESpMV

A Parallelize by rows:

A9OQOBSNE GOKNEBI Ré

A Significant workload imbalance!
A Can not store the matrix in GMajor format for coalesced access!

KIFyRt Sa GKS 02YLMzil GA2Y

Input A, x, y

access to
input vector x

TI /54 1.1 0 0 0 0 \

T2 22 83 0 37 1.3 3.8 ‘

T3 0 0 42 0 0 0 . : _
T4 | 54 0 0 92 0 0 [ ) B
T5 0 0 0 ;

176 \ 0 0 0 :

value=1[/54 1.1 /22 83 3.7 1.3 338

colidx = 0 1 0
.

rowptr =

ISC 2024

5

] Value

) Columnindex

1 3 4
S <
0 2 7

~

8

10 11 12 | Rowpointer

Performance Engineering for Linear Solvers

access to
output vector y

T1
T2
T3
T4
TS5
16

Outpyt= A - x

:

2 T



CSFBpMV Input A, z,y  Outpyt= A - x

for ( row=0; row<n; row++)
{
sum = 0.0;
for (j= rowptr [row];j< rowptr [row+1];  j++)
sum += values [j]*X| colind [j]];
y[ row ]= alpha * sum;

Storing values and columns in remajor. ' m

-> On GPUs: necoalesced memory access 5 =
L ! //
>

row-ptr col-indices

ISC 2024 Performance Engineering for Linear Solvers 49



CS%DMV Input A, z,y  Outpyt= A - x

for( row=0; row<n; row++)
{
sum = 0.0;
for( j=rowptr[row]; j[<rowptr[row+1]; j++)
sum += values[ j ] * X[ colind[j] ];
y[ row ] = alpha * sum;
}

Storing values and columns in remajor.
-> On GPUs: necoalesced memory access

Y v v v

/

row-ptr cgl—mdlceg

Can we use colummajor?
-> Only if all rows contain the same number of nonzero elements

ISC 2024 Performance Engineering for Linear Solvers 50



CSEPMV Input 4, z, y

for( row=0; row<n; row++)
{
sum = 0.0;
for( j=rowptr[row]; j[<rowptr[row+1]; j++)
sum += values[ j ] * X[ colind[j] ];
y[ row ] = alpha * sum;
}

Storing values and columns in remajor.
-> On GPUs: necoalesced memory access

DU
/

row-ptr cgl—i'ndlceg

Y v v v

Can we use colummajor?
-> Only if all rows contain the same number of nonzero elements

ISC 2024 Performance Engineering for Linear Solvers

Outpyt= A - x
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ELLEFormat

5.4 1.1
22 8.3
0 0
A=154 o0
0 0
\ 0 0
ISC 2024

0
0
4.2
0
0

0 0 0
3.7 1.3 3.8
0 0 0
92 0 0
0O 1.1 O
0 0 8.1

)

Performance Engineering for Linear Solvers

Input A, =, y

Outpyt= A - x

52



ELIFormat Input A, z,y  Outpyt= A - z

~

Lefth £ A3y y2y1 SN2 St SYSyidao

5.4 «ldeg 0 0 0 \
2.2 «83—0—37—13 3.8
4 0 «~——42—0—95 0
5.4 «—g——g—=92—@g (
0 P N N N 1 1
- \VJ \VJ \VJ 1.1
K 0 +——8—=b

0
o 8.1 )

(54 1.1 0 0 0 0 01 - - — -
22 83 37 13 38 0 0 1 3 4 5 -
420 0 0 0 0 2 — — — — —
54 92 0 0 0 0 03 — — — -
10 0 0 0 0 4 - - - - -
81 0 0 0 0 O] 5 - - - - -]
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ELIFormat Input A, z,y  Outpyt= A - z

~

Lefth £ Ay y2y1l SN St SYSydaq

(5.4 ——1—0 8 g 0 \
2.2 «S—f——d"r—+3 3.8
0 «—6—42—=F6 S 0
4= 5.4 <6 0—9-2—=-6 0
0 <6 S 6—1+1 O
\ 0 ~6—6—0—6 8.1 )
54 1.1 0 0 00 01 — — —|- Pad rows to uniform length
2.2 83 3.7 13 38|0 0 1 3 4 5|— _
412 0 0 0 0lo 9 _ _ _ _|_ Memory volume:
54 92 0 0 010 0 3 — — —|— vaIues:max_nnz_roW‘ num_rows
1.1 0 0 0 010 4 — — — |- cokindex:max_nnz_row num_rows
181 0 0 0 0|0 . — | Nno row pointer

ISC 2024 Performance Engineering for Linear Solvers 54



ELLEFormat

ISC 2024

0

(5.4 1.1
2.2 8.3

o OO O

0 0 0 0 )
0 37 13 38
42 0 0 0
0 92 0 0
0 0 11 0
0 0 0 81)

0]0] (0 1 — — —|—

3 38[0 0 1 3 4 5|-—

0|0 ] = = - — 1=

0|0 0 3 — — —|-

0|0 e

0|0 l: — — - —=.

Performance Engineering for Linear Solvers

Input A, x, y Outpuyt= A - x

Pad rows to uniform length

Memory volume:
values:max_nnz_row" num_rows
cokindex:max_nnz_row num_rows
no row pointer
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ELlSpMV Input A, z,y  Outpyt= A - x

(5.4 1.1 0 0 O O\

2.2 83 0 3.7 13 38
4| 0 0 42 0 0 o
54 0 0 92 0 0
0 0 0 0 L1 0

\ 0 0 0 0 0 81)

— | = | Pad rows to uniform length

T1 (5.4 1.1 0
T2 22 4.3 37 113 3.8

Memory volume:
values:max_nnz_row" num_rows
cokindex:max_nnz_row num_rows
no row pointer
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ELISpMV

Input A, x, y Outpuyt= A - x

(5.4 110 0 0 0 )
22 83 0 37 13 38
4| 0 0 42 0 0 o
54 0 0 92 0 0
0 0 0 0 L1 0
\ 0 0 0 0 0 81)
1 [[F4 §1 00" 0 1 — — —]— |
T2 []2.2 A:& A)7 /1)3 3.8 0 1 3 4 5| -
T3 7 — — — — |-
0

16

value = [5.4 2.214.945.41.3 8.

colidxk= 0 012 10 4 |5

ISC 2024

Performance Engineering for Linear

— 4 —

Solvers

Pad rows to uniform length

Memory volume:
values:max_nnz_row" num_rows
cokindex:max_nnz_row num_rows
no row pointer

1.18.30.09.20.0 0.0 0.0 3.7 0.0 0.0 0.0 0.0 0.0 1.3 0.0 0.0 0.0 0.0 0.0 3.8 0.0 0.0 0.0 0.0 |

11 — 3 — — — 3 — — — — — - - -5 — = — —]

Coalesced access
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ELISpMV

[ 54 11 0

22 83 0

0 0 4.2
A=154 0 o
0 0 0

\ 0 0 0

0 0 0 )
3.7 1.3 3.8
0 0 0
9.2 0 0
0 1.1 0
0 0 81 )

Input A, x, y Outpuyt= A - x

T1 (5.4 1.1
T2 12 4.3 A7

13

16

value = [5.4 2.214.945.41.3 8.

colidxk= 0 012 10 4 |5

ISC 2024

Performance Engineering for Linear

— 4 —

Solvers

Pad rows to uniform length

Memory volume:
values:max_nnz_row" num_rows
cokindex:max_nnz_row num_rows
no row pointer

1.18.30.09.20.0 0.0 0.0 3.7 0.0 0.0 0.0 0.0 0.0 1.3 0.0 0.0 0.0 0.0 0.0 3.8 0.0 0.0 0.0 0.0 |

11 — 3 — — — 3 — — — — — - - -5 — = — —]

Coalesced access
Can be wasteful (overhead)
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ELlSpMV Input A, z,y  Outpyt= A - x

(54 1.1 0 0 0 0
22 83 0 3.7 13 38

f

O N A N N N
A= -
5.4
K 0 Handson Exercise: Convert this matrix into ELL format:
0
T1 '3.4 (O 00 4 2 O\ m length
T2 2 0 2 3 0 0 1
LISH. I 0 00 0 0 O
E rows num_rows
= 1 2 3 4 3 1 Z_row num_rows
T6 0O 2 0 0 0 1
\1 2300 1)
value = [/5.4 2.2 ) 0.0 0.0 |
colidx= 00 - = ]
Compute the memory requirement (#ls+ # int)
yverhead)
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ELlSpMV Input A, z,y  Outpyt= A - x

(54 1.1 0 0 0 0
22 83 0 3.7 13 38

f

O N A9 A N N
A= ~
5.4
K 0 Handson Exercise: Convert this matrix into ELL format:
0
1 | ;.4 ( 000 0 4 2 0 \ m length
T2 2 0 2 3 0 0 1
I3 . O 0 0 O 0 O
E rows num_rows
= 1 2 3 4 3 1 Z_row num_rows
T6 0O 2 0 0 0 1
\1 2300 1)

value = 5 4 2.2
colidsxk= 0 0

) 0.0 0.0 |
- — ]

—

Compute the memory requirement (#ls+ # int)
36 vals + 36int verhead)
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SlicedELL Format Input A, z,y  Outpyt= A - z

A Partition the matrix into blocks & use ELL for the distinct blocks.
A Reduce overhead of ELL.
A Can still storeeol-major.

(5.41.1 0O 0 0 0\
22 83 0 3.7 13 38

L | 0o 0 a2 0 0 o
54 0 0 92 0 0
0 0 0 0 1l
\ 0 0 0 0 0 81)
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SlicedELL Format

A Partition the matrix into blocks & use ELL for the distinct blocks.
A Reduce overhead of ELL.
A Can still storeeol-major.

[54 11 0 0 0 0 \

92 83 0 37 13 38 Blocko
0 0 42 0 0 0 ookl
| 54 0 0 92 0 0 [ |
0 0 0 0 11 0
I L0 0 0 0 0 =1/ ] [Blok

ISC 2024 Performance Engineering for Linear Solvers

Input A, =, y

|
|

g

ol4 1

-

—t
| IS |

Outpyt= A - x



SlicedELL Format Input A, 2, y

A Partition the matrix into blocks & use ELL for the distinct blocks.

A Reduce overhead of ELL.
A Can still storeolmajor.

[54 11 0 0 0 0 \

92 83 0 37 13 38 Blocko
0 0 42 0 0 0 ookl
| 54 0 0 92 0 0 [ |
0 0 0 0 11 0
I L0 0 0 0 0 =1/ ] [Blok

value = [[5.4 2.2 1.1 8.3 0.0 3.7 0.0 1.3 0.0 3.8] 4.2 5.4 0.0 9.21.1 8.1
coidxk=[0 0 1 1 — 3 — 4 — 5|2 0 — 34 5

ISC 2024 Performance Engineering for Linear Solvers

3.8

Outpyt= A - x
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SlicedELL Format Input A, 2, y

A Partition the matrix into blocks & use ELL for the distinct blocks.

A Reduce overhead of ELL.
A Can still storeeol-major.
A Need for a row pointer.

[54 11 0 0 0 0 \

29 83 0 3.7 13 3.8 Blocko
0 0 42 0 0 0 ookl
| 54 0 0 92 0 0 |
0 0 0 0 L1 0 oo
slicedELL format: | \ 0 0 0 0o o 81/ |

1.1 8.1
4 5

value = [[5.4 2.2 1.1 8.3 0.0 3.7 0.0 1.3 0.0 3.8] 4.2 5.4 0.0 9.2
colidxk=[0 0 1 1 — 3 — 4 — 502 0 — 3

\_ ~ < D

rowptr=[0 10 14 16]
'S¢ 20%jice matrix into blocks, store blocks in"ET st Wit &tsielts? 5°'ves

Outpyt= A - x
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SlicedELL GeMV Input A, z,y  Outpyt= A - z

Handson Exercise: Convert this matrix into Slideld. format (SE2).

/ |

_ o = O O O
DO NN O DN O
w O W O W o
O O = O O =
OO WO O
=== O = O

Compute the memory requirement (#ls+ # int)




SlicedELL GeMV Input A, z,y  Outpyt= A - z

Handson Exercise: Convert this matrix into Slideld. format (SE2).

/ |

_ o = O O O
DO NN O DN O
w O W O W o
O O = O O =
OO WO O
=== O = O

Rowptr : 0 6 18 26
Compute the memory requirement (#ls+ # int)
26 vals +26+4int




SlicedELL GeMV Input A, z,y  Outpyt= A - z

A How can we optimize this? Minimize the overhead? What is the overhead dependent on?
A Bring rows with similar number of nonzero elements into the same block.
A{2NI NRPg¢ga o0& afSy3aiaKé FFyR NBENMRSNI 6KS YIFON

Software and High-Performance Computing

A Unified Sparse Matrix Data Format for Efficient General Sparse
Matrix-Vector Multiplication on Modern Processors with Wide SIMD
Units

Authors: Moritz Kreutzer, Georg Hager, Gerhard Wellein, Holger Fehske, and Alan R. Bishop AUTHORS INFO & AFFILIATIONS

https://doi.org/10.1137/130930352

A What happens for blockize 1?
A What happens for block size n (matrix size)?



SpMMJormats and Kernels Input A, z,y  Outpyt= A - x

G5AFFSNBY G 1SNYySta 2LIHUAYEE F2NI RAFZEMTG LINRO

COO
A can compensate workload imbalance for irregular patterns .
A Efficient for MIMD processing dre’ s
A Strong support for atomics needed |
CSR N
A small memory footprint
A Needs some logic for rowarallel processing |
A Efficient for MIMD processing

ELL

A Efficient for balanced matrices
A Enables cemmajor storage

A Efficient for SIMD processing

SELic
A Enables ceiajor storage
A Tunable between CSR and ELL
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SpMV(CSR)
Roofline

Optimistic intensity:

CU; g

&

&

O 0D bcmw bYD
P
PbotTf0  bTKD
P
pboTfU  bTKD
Il p&
0"

for (int row = 0; row <
double sum = 0.0;

num_rows ++row) {

for (intk = row_ptrs [row] ; k< row_ptrs [row + 1]; ++K)

sum += mat_values [K]
x[row] +=sum;

}

&

>

XLyew asrenbs

Performance Engineering for Linear Solvers

* b[col idxs [K] ];
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Performance
N\

w22TFTFRYSdzZEBpMY G A

Reasons for performance not attaining the limit

1. Intensity lower than the minimum tensty
AMore RHS traffic than the optimistic limit-—" 7)&
2.0{f26 O2RSE
AGAYQOAAaAA0E SE LISNF2NXYIFYOS OSAf Ay3 RdzS
execution

3. Load imbalance
AA single process/thread cannot saturate the memory bandwidth

4. Erratic memory access patterns for RHS
ALatency dominates




Experiences witBpM\on GPUs

AbsoNIute CSR limit for

Looking at ~3,000 test matrices from Suite Sparse Matrix Collection w o4"FT0O
H100 ginkgo SpMV
« H100 csr s 5t
102; - H100 coo it S FIO
. H100 ell NG e b,
101.
" 100
o
O
o
0 107!
1072, '
g
gle
10_3' . !
2 [ ]
10! 103 10° 107 10°
#nonzeros
71
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Ginkgo Sparse L

== Ginkgo

Ginkgo Is a C++ framework for sparse numerical Unear algebra. Using a universal inear operator

inear Algebra Library

SPONSORED BY

https://github.com/ginkgeproject/qinkgo

et solver for s 1144

o« W Batrbmt echadhen

Il\nlnhll dm

wash g o 0 aabear

abstraction, Ginkgo provides basic building blocks such as the sparse matrix vector product for a NVIDIA
warlety of matrix formats, Iterative solvers, and preconditioners. Ginkgo targets multi- and E (E\P [ Rt o s s ot e 1B
many-core systems, and currently features back-ands for AMD GPUS, Intel CPU/GPUS, NVIDIA GPUSs, s I —————
and OpenMP-supporting architectures, Core functionality is separated from hardware-specific 1% =+ »
wernels for easy extension to other , with runtime selacting the correct Jwg o ¢ ' 0 0 4,
Kkernels. | Sueiec H
P ———— coRt i S STS S
e HELMHOLTZ / . ’
e S
D —
FUNCTIONALITY
HARDWARE PARTNERS
Functionality OMP CUDA HIF DRC#+
REFERENCE Tpenms CuDA P DPCes .
——— [——— eatms - s pu u SpMV ¥ % & & .
- o "~ AMD{ ]
e o el o o B sphim & & @ & ¥
—_—— — prdrey ==
. SpLeMM W ¥ F & L
: — intel BiCE ® @ ¥ & i
‘ ' ' ' E BICGSTAB ¥ ¥ ¥ & 3
. - G — == <ANVIDIA T o F & & & i
“nvioia AMDIY intel i‘ c6s ¥ & ¥ & i
USAGE EXAMPLE OperMP NVIDIAAYIO OPU  AMD MISDO OPU  WNTEL GEN § ORU GMRES [ S & 3
. ) . . N iR @ #F @ H
(Black=) Jacobi w W W & }
/ I ‘. INTEGRATION e L L & 3
3 P =R ool g Paralled ILU/IC #® & & F
(4 I1 § PerstaliuTicT ¥ @ ¥ %
o Sparse Approximats Irverss L o & &
Batched BICGSTAB L o L}
OpenVFOAM Batched CG & @
SUS NABILITY E Batched GMRES [} L &
Ginkgo is part of the Extreme-scale Scientific Software Stack (EAS) and the extreme-scale Software ; Batched ILU [} L o L
Development Kit (xSDK), and adopts the xSDK community policies for sustainable software Batched 154 L L L L]
development and high scftware quality. The source code of the Ginkgo library can be accessed ina Batched Jacotl ¥ & & &
public git repository on GitHub. Cod, in Ginkga is reali a Continuous ion / « BN « B
Continuous Benchmarking framework. GitLab runners are used on private servers and HPC clusters Y M prazrnal ffom
where d to ps i d i Totest 5 AMG sodvar & o & &
the ion, each ionality i by unit tests. The unit testing is realized Parallel Graph Match L L L
using the Google Test framework. Symbalic Cholesky i El El &
E Numeric Cholesky UNDER DEVELGEMENT
@ Symbalic LU UNBER BEVELSFMENT
i Numaeric LU & L) &
Sparss TRSV o - 'l
\S!(' On-Davice Matrix Assembly L] & L L]
fomereribrveiouiy § MCE4/REM reardaring #
£ Wrapping user data C ¥
H Logging v )
T 0L o e US Deparreat of Energy Ofice of Some srd PAPI counters { ¥
0 Wit o EureHP Project WA W 12
. . . . L
IcCL https://github.com/ginkgo-project/ginkgo (e ICL

ISC 2024
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GinkgdSpM\bn different architectures

https://qgithub.com/ginkgoproject/ginkgo/tree/develop/benchmark/spmv
benchmarkspmv spmv-input '[{"stencil":"27pt","size":5000000}}executorcuda-formats csrc,coo,elirepetitions auto

bash=5.1% benchmark/spmv/spmv =input '[{"stencil":"27pt","size":5000000}]' -executor cuda -formats csrc,coo,ell =repetitions auto
This is Ginkgo 1.8.@ (develop)
running with core module 1.8.8 (develop)
the reference module is 1.8.8 (develop)
the OpenMP module is 1.8.0 (develop)
the CUDA module is 1.8.8 (develop)
the HIP module is not compiled
the DPCPP module is not compiled
Running on cuda(®)
Running with 2 warm iterations and adaptively determined repetititions with 10 <= rep <= 4294967295 and a minimal runtime of @.05s
The random seed for right hand sides is 42
The formats are csrc,coo,ell
The number of right hand sides is 1
Running test case stencil(50000008, 27pt)
Matrix is of size (50008211, 588@211), 133432831
Running spmv: csrc
Running spmv: coo
Running spmv: ell

\.

"stencil": “27pt",
"size": 5000000,
v
"esrc': {
storage": 1621194828,

"max_relative_norm2": 1.2278834839731986e-16,

/

B8
"time": @.0014148777317073181,
"repetitions": 41,
"completed": true

'
"coo": {
torage": 2134925296,
"max_relative_norm2": 8.0,
"time": 9.0013904711463414642,

"completed":

"ell": {
storage": 1620068364,
"max_relative_norm2": 2.0844231402369755e-16,
"time": @.0009703884838709675,
"repetitions": 62,
"completed": true

77

5000211,
5000211,

‘s 133432831,
I
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https://github.com/ginkgo-project/ginkgo/tree/develop/benchmark/spmv

Matrix Power Kernel (MPK) yol vyl vl v

ACalculatety 0 @ S
ARepeatedlyperform backto-backSpMVs

for k=1:p; do

y[ k] = SpM\(A, y[k-1]) 6 o 6 o ® & G

done
AMatrix 0 loadedr) times from main memory
APotential for caching the matrix entries? ®

J th RACE <o’

AA See IaSt part Of tutorlal Hardware Friendly Coloring A

C. L. Alappat et al.:Levelbased Blocking for Sparse Matrices: Sparse Matrix-Power-Vector Multiplication. IEEE
Transactions on Parallel and Distributed Systems 34(2), 581-597 (2023), DOI:10.1109/TPDS.2022.3223512
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Conjugate Gradients and Preconditioning

OEGNI OUAY3I LYyF2NXNIFGA2Y FNRY {LlazQa
Optimal Method: CG

Preconditioning using Matrix Polynomials

ISC 2024 Performance Engineering for Linear Solvers 6



Motivating lterative Linear Solvers
A
As Direct Solvers are costly and
full of Data Dependencies...

8
ISC 20. Mx Performance Engineering for Linear Solvers x

s



Richardson lteration

— E 517 converges for |x|<1

The Geometric Series

The Neumann Series E A converges for ||A||<1

The most simple iterative CC(k-l—l) _ .Slf(k) 4+ (b . Aaz(k)) — bh+ (I . A)x(k:)

method one can
imagine:
cangalso be written as T(O) — h — Aaj(o)

rf D) = (1 — A)p®)



Better Approximations

Ri char dsonésx(/ﬂ)eé H:(d))ju {’I"(O),AT(O),Az’F(O),...,Ak_l’r(o)}

approximates X in the
koth Kryl ov subspace?™ -

(k) (A,7(0)

We can choose better coefficients by realizing that Krylov vectors tend to
point more and more in the direction of the largest Eigenvector of A

Av = \v

ldea: always add a direction orthogonal to the previous ones



I Ny 2f RA Qa

input: A, vy with ||vglle =1

V = wo/||voll2
for k=0,1,... do
and
Vi1 = Avg

for 1 =0,1,...,k do
hj,k :V;F?Jk
Vk+1 = Vk41 — Njk0;
end for
P16 =1/]|vk41]2

V =V, V41 - 1,5
end for

aSIiK2R

Where V is orthonormal: VkT Vi, = I,

Hir=hokokis fAupper

They satisfy the Arnoldi-relation

AV = Vi1 Hiq

By construction, the eigenvalues of Hkk (i Ri t z )Napptoxinea®e those of A as k— N

He s s



If A'Is Symmetric...

Lanczos algorithm:

Hk:,k — VkTAVk input: A, vg
is (still) upper Hessenberg ...and symmetric! V = /||voll2
a = Bo =10
"ac "alw_ for k=0,1,... do
'-_ .'::-_ V41 = Avg
.l. .l:l- Al = Ug?]].ﬁ_l

Vk4+1 = Vk41—| @k | Vg —
. . = ||V
Only need to orthogonalize against two vectors! Brt1 H ’“*1“2

V =V, 0441/ Br+1]

(Aishort recurrenceo)
end for

Vk—1



Conjugate Gradient Algorithm

Based on the Lanczos method, one can
derive an iterative linear solver

For symmetric and positive definite
(spd) matrices

That minimizes the error in every iteration

And only requires storing three additional
vectors

input: A,b,zo, tmax

TQZb—ACITQ
Po =To
for £ =0, -T-wltmax do
T, Tk
A = —F
k pi Apy

Thk4+1 = Tk + QEPk
Tk+1 =Tk — Okaplc

T
,6 _ Te41TE+1
k ’I"g?"k

Pk+1 = Tk+1 + BrPk
end for



CG Implementation

def cg_solve(A, b, x0, tol, maxit):
#<create x, p, q and r>
axpby(1.0,x0,0.0,x)
spmv(A, x, r); axpby(1.0, b, -1.0, r)
axpby(1.0, r, 0.0, p)
rho = dot(r,r); rho_old = 1.0
for it in range(maxit+1):

if rho < tol*tol:

break;
spmv(A, p, Q)
alpha = rho/dot(p,q)
axpby(alpha, p, 1.0, x) # x
axpby(-alpha, q, 1.0, r) #r

rho_old = rho; rho = dot(r, r)
beta = rho / rho_old
axpby (1.0, r, beta, p)

return x

#p

# x = x0
# r =Db - Ax
#p=r

# check for convergence
# q = Axp

x+alphax*xp
r - alphaxq

r+betaxp



Convergence & Spectrum

k
Lower bound on convergence rate: ||z; — x| < 2 { v '{’2(‘4)_1} zg — x||2

\/KJQ(A)—I—:[
Where ky(A) = ;W”E% is called thespectral condition number.

In practice, this bound is very pessimistMhenever an extreme
Ritz value converges, it no longer affects convergence



Convergence & Spectrum

0 ..-_., ........ | | i
10 e e Error upper bound Q[ﬁﬁ]]
------------------------- — Residual norm [|b — Ag;ll> |
........................... - - Error norm ||z; — Zesl2
10-5 n
10-10 L
10-15 L
0 100 200 300 400 500

CGoteratibmj



Precondioning, General Idea

We can solve one of the related linear systems

—1 —1 —1 —1 —1 —1
M{ " Ax = M; b AMy y=0b M "AM, "y=M{ b
r=M, "y T =My
(left preconditioning) (right preconditioning) (two-sided preconditioning)

ISC 2024 Performance Engineering for Linear Solvers




A Simple Polynomial Preconditioner

Let

And

10°

107

10-10

10-15

I
NS
-------- Error upper bound 2] NG

—Residual norm ||b — Ax;||»
- - Error norm ||z; — Zc,|2
— Prec. Residual, k=1

100 200 30
CGoiteratiomi

0 400

~1AVD-1

L— LT

L) v



Better Preconditioners

~ Incomplete Cholesky: A ~ LLT

- IChol, approx. triangular solves by polynomial

. Domain Decomposition (mostly distrib. memory)
. Multigrid methods: use SpMV-based smoothers

Alappat et al: Algebraic Temporal Blocking for Sparse lterative
Solvers on Multi-Core CPUSs.
(submitted, https://arxiv.org/abs/2309.02228)



https://arxiv.org/abs/2309.02228

Python/Numba Implementatlon

Code available at
https://go-nhr.de/PELS-(

2D Laplace, N= 251\/I 32-Core Intel CPU

poly k CG iterations SpMVs time

0 9194 9196  310s
1 4770 14316  3952s
2 3677 18395  392s

NVidia AlOO GPU

poly k CG iterations SpMVs time

0 9148 9150  32.6s
1 4228 12690 44.2s
2 3699 18485  48.9s

aaaaaa
ooooooo
prediction



https://go-nhr.de/PELS-Code

Cache Blocking for the Matrix Power Kernel



Motivation ¢ SparseMatrix VectorMultiplication

A Easyto parallelizebut sparseirregular datastructures/ accesses

A SpMVPerformanceid A StronglyMemory Bound(high codebalance
C(2) C(2) A(:) B(:)

||+ |

ISC 2024 Performance Engineering for Linear Solvers
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RACE & Cache BlockiogMPK

C. LAlappat G. Hager, O. Schenk, and/&llein LevelbasedBlockingor
SparseMatrices:SparseMatrix-PowerVectorMultiplication. IEEE Transactions
on Parallel and Distributed Syste®¥(2), 581597 (2023),
DOI:10.1109/TPDS.2022.3223512

ISC 2024 Performance Engineering for Linear Solvers

92


https://dx.doi.org/10.1109/TPDS.2022.3223512

Motivation ¢ Matrix power kernel (MPK)

A Calculateto 0 ® y[0] y[1] y[2] y[3]
A Repeatedlyperform backto backSpMVs

for k=1:p; do SpMV SpMV SpMV

ylk] = SpM\U(A, ylk -1])
done

W 0 W 0 W 0 W
Same matrixo loadedr) times from main memory!!!

How to cache the matrix across the matrix power calculation?
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MPKC¢ existingcachingapproaches

A Huber et al.: Grapibased higheorder time integration of PDES
Aad DS 2 YS (i N O bdsed bridialiN2bandvddth

A Works for 2D stencil matricés Runs into problem for 3D and/or unstructured
matrices

A Mohiyuddinet al.: Minimizing communication in sparse matrix sol¥ers
AGS52YlAY RSO2YLIRaAOA2YyEé 2F dzy RSNI é Ay 3
AwS lj dzA NB & Adiiket acaessédoé redundant copies of the matrix entjes

Scalability!!

A Exploit level structure in RACE for cache blocking! RAC

Huber et al., 2021. Graphased multicore higherorder time integration of linear autonomous partial differential equation€dmput SciDOI:10.1016/jocs.2021.101349
2Mohiyuddin et al., 2009. Minimizing communication in sparse matrix solvers. In Proceedings o2&éX&T.10.1145/1654059.1654096
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https://doi.org/10.1016/
https://doi.org/10.1016/j.jocs.2021.101349
https://doi.org/10.1145/1654059.1654096
https://doi.org/10.1145/1654059.1654096

Matrix powerg Traditional approach vs. Cache Blocking

RACE approach

Matrix accessed 1 time from memory

Howto dothat in generalfor sparsematrices’
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SpMVc Graph Traversak RACE

®

RACIH &>

eV -~y

Hardware Friendly Coloring O O®
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Sample Stencil Matremdits graphrepresentation

Undirected Graph

Symmetric Matrix (Stencil)
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Sample Stencil Matremdits graphrepresentation

Symmetric Matrix (Stencil) Undirected Graph
Ty W 7 (©® (O~ DE)gomiN. (9) v
Ty
o, P LTSS DR
i ] 4 7
’ %% %%%;%%
30 %i% %%% s %iii ;
T, Wy,
t, $$$$ t,
ol i*iii $i¢$ ii*ii
e, iiii* My,
50 i(vm {p Q U DO R T[} ii !
%,
) J€C(1) 0
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ConsideiSpMVasographtraversad

A Standardview: Runoverallrows i = 1 , né andcalculate
vi= Y, Az
JECOL(4)

whereCOL(l) containsthe columnindicesof the non-zeros in -th row

A RACE graphbasedview: rowa A vertex & nonzeroentrya A edge

In the graph terminology a SpMV operation (y = Ax)
can be formulated as follows: If G = (V| E) is the graph
representation of the sparse matrix A then for every vertex

u € V(G) calculate

Yu = Z Au,vxv . (2)

veEN (u)
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Sample Stencil Matremdits graphrepresentation

Undirected Graph
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RAC
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RACET Level traversal and matrix powers

do k =1,p No cacheblocking
y(G, k)= SpMVA, y(k -1))
EICEC Levels

0000000 x 00 0

Matrix Powers
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RACE T Level traversal and matrix powers

do k =1,p
yG, k)= SpMV(A y(k -1))
enddo Levels
Do Mutethe cacheA reuseall loaded ents
| | | | | |I | | | | | o N
¢ R e e
5 DR IR R . PR
X I N o 0w
X ! PR
T | - | | | | | 0 W
= B S LS S L R A

Whenupdatinglevell, indirectreadsalsogoto level 2
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RACET Level traversal and matrix powers

Levels
NN

-1))

y(:k

SpM\( A,

K) =

y(,
enddo

do k =1,p

SIaMOd XLI1e

Whenupdatinglevel2, indirectreadsalsogoto levelsl and3
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RACET Level traversal and matrix powers

do k =1,p
y( k)= SpMVA, y(,k -1))
enddo Levels

00 O 6 &
1

o -
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RACET Level traversal and matrix powers

do k =1,p
y( k)= SpMVA, y(,k -1))
enddo Levels

00 00 6 &
00 O 6 ¢

Matrix Powers
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RACET Level traversal and matrix powers

do k =1,p
y(:1 k) — SpM\( A1 y(:,k - 1))
enddo Levels

- 0w
(D)
Z ‘
S 0O W
X
© 0O W
=

ISC 2024 Performance Engineering for Linear Solvers 108



RAC-— MPK Pseudocode

do d inll+p -1 a Traverse along diagonal

p stat = max(1,d -(L-1))
p_end = min(d, p) g -
do k in p_start:p_end a All powers in diagonal
I=(d - k+1) a Power k computation on level |

vy k)= SpMVMA(],:) , v(Gk -1), level ptr [l]: level ptr [I+1] )
enddo

enddo OpenMP paralleéspMVon all vertices in level |

p_start1 \ ‘

O W
O W
Power 2 computation on
level 5
O W

ISC 2024
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RACET Level traversal and matrix powers

do k =1,p
y( k)= SpMVA, y(,k -1))
enddo Levels

., 00 0 0 O 6 &
<))
5 ‘
¢ 00 0O 5 0
=X
: 00 @© 6 o
=

A is loaded only once if O (0) avg.nonzeros in a level
M p 0O (L) P ytes 0O 0 cache size
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RACE MP&First Implementation

4071 Bascline (p,,=4) | ! - SpMVRoofline
-+ LB (pm:1) na i
o1 +L](33 (pm:4) /’/ | 6 [ i
--- ECM =4 - i
_30) Pn=4) ] . - Intel Xeon Gold 6248
= osl I A 1 Socket (20c)
S 2lspMv =, |
% 20 ' Roofline | 9 i th i
= ' = wtk matrix
Sy .ﬁ. i B p
£ 15 e o A0 217,918
101 | [ 9f Roofline - AlO = 11,634,424
513 : 1
0 :
0 5 10 15 20 0
Active core
Performance Memory traffic
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RACE MP&Performance Problendentified

A Schemeseemsto work (reducesdatatraffic) ¢ at leastfor pwtk
A But: Performancel !l

A Analysiof hardwareperformancecounters(LIKWIDJor pwtk  matrix:
INSTR_RETIRED ANY up 2xfor levelbasedSpMV

A Frequentthread syncronisations
Reason After eachlevelthreadssynd >
Measures

A Reducétlevelsby levelaggregationo Ld3x U
A Globalsync replacedby point-to-point syncd p2pa U
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