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Tutorial Agenda

ÅBrief introduction to node-level computer architecture

ÅPerformance modeling with the Roofline model

ÅSparse matrix-vector multiplication (SpMV) performance, sparse-
matrix data formats, and Roofline modeling of SpMV

ÅThe Conjugate Gradient (CG) algorithm

ÅPreconditioning and preconditioned CG (PCG)

ÅAccelerating matrix power kernels (MPK) by cache blocking

ÅOptional: distributed-memory SpMVand MPK cache blocking
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HPC Node Architecture

CPUs

GPUs
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SC25

Multi-core today: Intel Xeon Sapphire Rapids (2023)

Á ·Ŝƻƴ άSapphire Rapidsέ όtƭŀǘƛƴǳƳκDƻƭŘκ{ƛƭǾŜǊκ.ǊƻƴȊŜύΥ
Up to 60 cores running at 1.7+ GHz 
όҌ ά¢ǳǊōƻ aƻŘŜέ пΦу DIȊύΣ

Á άLƴǘŜƭ тέ ǇǊƻŎŜǎǎ κ ǳǇ ǘƻ орл ²

Á Multi-die package (4 chips)

Á Clock frequency:
flexibleJ

https://www.techpowerup.com/292204/intel-sapphire-rapids-xeon-4-tile-mcm-annotated
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A more current example ςƭƻǘǎ ƻŦ άǘƻǇƻƭƻƎȅέΗ

PCIe

accelerator

CPU 1

CPU 0

hyper-threadcoredie

smallest possible ccNUMA
domain



bǾƛŘƛŀ Iмлл άIƻǇǇŜǊέ {·aр ǎǇŜŎǎ

Architecture

Á80 B Transistors

Á~ 1.8 GHz clock speed

Á~ 144 ñSMò units

Á128 SP ñcoresò each (FMA)

Á64 DP ñcoresò each (FMA)

Á4 ñTensor Coresò each

Á2:1 SP:DP 

performance

Á~ 34 TFlop/s DP peak (FP64)

Á50 MiB L2 Cache

Á80 GB HBM3 

ÁMemBW ~ 3300 GB/s (theoretical)

ÁMemBW ~ 3000 GB/s (measured)

© Nvidia
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Threads, warps, grids on NVIDIA GPUs 

ÁThreads are organized in 
warps(32 threads)

ÁWarpsmakeup a block

ÁA block executes on one 
άŎƻǊŜέ ό{aύ

ÁSchedulinghappens
automatically

ÁDeveloper must map thread 
L5ǎ ǘƻ άǿƻǊƪ ƛǘŜƳǎέ 
(iterations)

ÁThreads in a warpshould 
access consecutive memory 
addresses



The Roofline Model

Bottleneck-based thinking

Simple models for single loops

Multiple loops
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Structure of typical solver code
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parallel_for ( i =0..N) { // N>>1

update(data);

}

ñSteady stateò
Á Repetitive

Á Negligible startup/wind-down 

overhead

Runtime model:  Ὕ Ὢ$STUFFȟ$HARDWARE

SC25

iterate
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A simple two-bottleneck model of loop code 
execution
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Simplistic view of the hardware:

! may be multiple levels

do i = 1,<sufficient> 

<complicated stuff doing 

N flops causing 

V bytes of data transfer>

enddo

Execution units

max. performance

╟▬▄╪▓

Data source/sink

Data path, bandwidth 
╫╢
ĄUnit: byte/s

Simplistic view of the software:

Computational intensity ╘
╝

╥

ĄUnit: flop/byte

Which takes longer?
Å Data transfer
ÅWork execution



Predicting the (minimum) runtime of a loop

Two bottlenecks:

#pragma omp parallel for

for( i =0; i <107; ++ i )

a[ i ] = a[ i ] + s * c[ i ] ;

8-core CPU 

(3 GHz Intel Sandy Bridge)

Ὑ τπ
'ÂÙÔÅ

Ó

ὡ σ ψ ρπÂÙÔÅÓ

Ὑ ρως
'ÆÌÏÐÓ

Ó

ὡ ς ρπÆÌÏÐÓ

Ὕ
ς ρπÆÌÏÐÓ

ρως
'ÆÌÏÐÓ
Ó

ρπτ‘ί Ὕ
ςȢτ ρπÂÙÔÅÓ

τπ
'ÂÙÔÅ
Ó

φȢπÍÓ
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Resources 
needed (code 

properties)

Resources 
rates provided 
(machine 
properties)

ὝÍÉÎÍÁØὝ ȟὝ

φÍÓ

Full-overlap assumption:



From time to performance

SC25

ὖ
ȟ

ȟ

ÍÉÎὙ ȟὙ

Application model: 
Computational 

intensity [flop/byte]

Machine model: 
Memory bandwidth 

[byte/s]

Machine model: 
Peak performance 

[flop/s]
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άwƻƻŦƭƛƴŜέΗΚ

Common nomenclature:

Ὑ Ąὖ peak performance

Ὑ Ąὦmemory bandwidth

ĄὍcomputational intensity

SC25

Intensity

P
e
rf

o
rm

a
n
c
e

Ppeak

ὖ ÍÉÎὖ ȟὍ ὦ

R.W. Hockney and I.J. Curington: 

f1/2: A parameter to characterize memory and communication bottlenecks. 

Parallel Computing 10, 277-286 (1989).  DOI: 10.1016/0167-8191(89)90100-2

S. Williams: Auto-tuning Performance on Multicore Computers.  

UCB Technical Report No. UCB/EECS-2008-164. PhD thesis (2008)

compute 
bound

memory 
bound

Threshold:
Ғ мл-15 F/B for current 

Server CPUs/GPUs
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http://dx.doi.org/10.1016/0167-8191(89)90100-2
http://www.eecs.berkeley.edu/Pubs/TechRpts/2008/EECS-2008-164.pdf


SC25

Hands-On:

Exploringnodetopologyand bandwidth
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Diagnostic modeling

¢ǿƻ ŎƭǳǎǘŜǊ ƧƻōǎΧ

SC25

Intensity
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Pmax

ὖάὩὥί

ὔ

ὠ
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Roofline: Simple Examples

Dense linear algebra

Sparse linear algebra

Simple solvers: CG

HartwigAnzt, hartwig.anzt@kit.eduSC25 Performance Engineering for Sparse Linear Solvers 23



Dense linear algebra

Roofline thinking: 

What is the computational intensity?

SC25

for( i =0; i <N; ++ i )
s += a[ i ]*b[ i ];

for( i =0; i <N; ++ i ) 
a[ i ] = a[ i ]+s*x[ i ];

for(r=0; r<NR; ++r)   
for(c=0; c<NC; ++c)

y[r] += A[r* NC+c]*x[c];

dot product (BLAS-1)

dense MVM (BLAS-2)
dot-product style

daxpy (BLAS-1)

for(k=0; k<NK;++k)
for(l=0; l<NL; ++l)   

for(m=0; m<NM; ++m)
y[k* NL+l ] += 

A[k* NM+m]*B[l* NM+m];

dense MMM (BLAS-3)
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Dense MVM

ÅOne DP read from memory for each matrix entry

Åx[] and y[] are read and updated from cache after 1st read

ÅĄ 8 byte and 2 flops per iteration

Computational intensity  Ὅ πȢςυ

SC25

for(r=0; r<NR; ++r)   
for(c=0; c<NC; ++c)

y[r] += A[r* NC+c]*x[c];
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Dense MMM?

ÅBlocking/unrolling techniques can increase intensity beyond the 
Roofline knee

Ą peak performance achievable

SC25

for(k=0; k<NK;++k)
for(l=0; l<NL; ++l)   

for(m=0; m<NM; ++m)
y[k* NL+l ] += 

A[k* NM+m]*B[l* NM+m];

for(k=0; k<NK; k+=2)
for(l=0; l<NL; l+=2)   

for(m=0; m<NM; ++m)
y[k* NL+l ]         += A[k* NM+m] * B[l* NM+m] ;
y[(k+1)* NL+l ]     += A[(k+1)* NM+m] * B[l* NM+m] ;
y[k*NL+(l+1)]     += A[k* NM+m] * B[(l+1)* NM+m] ;
y[(k+1)*NL+(l+1)] += A[(k+1)* NM+m] * B[(l+1)* NM+m] ;
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Sparse Matrices and SpMV

Sparse Matrix Formats

Sparse Matrix Vector Product Parallelization

SC25 Performance Engineering for Sparse Linear Solvers 29



Matrix Vector Multiplication

ÅCentral building block in many complex algorithms: 
ÅOrthogonalization, power iteration in Page Rank, Power flow of a system Χ

ÅBefore we turn to sparse matrices, we recall how we store & handle dense matrices on 
parallel processors (i.e. GPUs)

Input                 Output 

SC25 Performance Engineering for Sparse Linear Solvers 30



__global__ void sgemv_rowmajorό Χύ
{

int row = blockIdx.x*blockDim.x+ threadIdx.x;
float sum = 0.0;
if (row < n){

for( int col=0; col<n; col++){
sum += m[ row*n + col ] * x[ col ];

}
y[ row ] = alpha * sum;

}  
}

__global__ void sgemv_colmajorό Χύ
{

int row = blockIdx.x*blockDim.x+ threadIdx.x;
float sum = 0.0;
if (row < n){

for( int col=0; col<n; col++){
sum += m[ row + n*col ] * x[ col ];

}
y[ row ] = alpha * sum;

}  
}

Matrix Vector Multiplication Input                 Output 

Row-major

Col-major

Parallel threads
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__global__ void sgemv_rowmajorό Χύ
{

int row = blockIdx.x*blockDim.x+ threadIdx.x;
float sum = 0.0;
if (row < n){

for( int col=0; col<n; col++){
sum += m[ row*n + col ] * x[ col ];

}
y[ row ] = alpha * sum;

}  
}

__global__ void sgemv_colmajorό Χύ
{

int row = blockIdx.x*blockDim.x+ threadIdx.x;
float sum = 0.0;
if (row < n){

for( int col=0; col<n; col++){
sum += m[ row + n*col ] * x[ col ];

}
y[ row ] = alpha * sum;

}  
}

Matrix Vector Multiplication Input                 Output 

Row-major

Col-major

Parallel threads

First read
Second read
Third read
Χ
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__global__ void sgemv_rowmajorό Χύ
{

int row = blockIdx.x*blockDim.x+ threadIdx.x;
float sum = 0.0;
if (row < n){

for( int col=0; col<n; col++){
sum += m[ row*n + col ] * x[ col ];

}
y[ row ] = alpha * sum;

}  
}

__global__ void sgemv_colmajorό Χύ
{

int row = blockIdx.x*blockDim.x+ threadIdx.x;
float sum = 0.0;
if (row < n){

for( int col=0; col<n; col++){
sum += m[ row + n*col ] * x[ col ];

}
y[ row ] = alpha * sum;

}  
}

Matrix Vector Multiplication Input                 Output 

Row-major

Col-major

Parallel threads

First read
Second read
Third read
Χ

G
F

L
O

P
/s
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Sparse Matrix Vector Multiplication

ÅMatrix     contains only few nonzero elements.
ÅStoring all entries results in large overhead (memory & computation).

Input                 Output 
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Value

ÅMatrix     contains only few nonzero elements.
ÅStoring all entries results in large overhead (memory & computation).
Å Idea: Store only nonzero elements [nz] explicitly.  

Sparse Matrix Vector Multiplication Input                 Output 
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Value

ÅMatrix     contains only few nonzero elements.
ÅStoring all entries results in large overhead (memory & computation).
Å Idea: Store only nonzero elements [nz] explicitly.  

Need to also store location of nonzero elements!

Column-index

Row-index

Memory footprint of COO format:
nz(val) + 2*nz(int) 

COO format Input                 Output 
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Value

ÅMatrix     contains only few nonzero elements.
ÅStoring all entries results in large overhead (memory & computation).
Å Idea: Store only nonzero elements [nz] explicitly.  

Need to also store location of nonzero elements!

Column-index

Row-index

Memory footprint of COO format:
nz(val) + 2*nz(int) 

COO format

Hands-on Exercise: Convert this matrix into COO format:

Compute the memory requirement (# vals + # int)

Input                 Output 
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Value

ÅMatrix     contains only few nonzero elements.
ÅStoring all entries results in large overhead (memory & computation).
Å Idea: Store only nonzero elements [nz] explicitly.  

Need to also store location of nonzero elements!

Column-index

Row-index

Memory footprint of COO format:
nz(val) + 2*nz(int) 

COO format

Hands-on Exercise: Convert this matrix into COO format:

Compute the memory requirement (# vals+ # int)
17 vals + 34 int

Input                 Output 
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Split nonzero elements into chunks and parallelize across chunks.
ÅPartial sums need synchronization / atomics to avoid write conflicts.
ÅNon-coalesced memory access (because row-major).

T1
T2
T3
T4
T5
T6

=*

Column-index

Value

Row-index

COO SpMV Input                 Output 
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Value

ÅMatrix     contains only few nonzero elements.
ÅStoring all entries results in large overhead (memory & computation).
Å Idea: Store only nonzero elements [nz] explicitly.  

Need to also store location of nonzero elements!

Column-index

Memory footprint of COO format:
nz(val) + 2*nz(int) 

CSR (==CRS) format Input                 Output 
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Value

ÅMatrix     contains only few nonzero elements.
ÅStoring all entries results in large overhead (memory & computation).
Å Idea: Store only nonzero elements [nz] explicitly.  

Need to also store location of nonzero elements!

Memory footprint of CSR format:
nz(val) + nz(int) + (n+1) (int)

Column-index

Points to the first element in each row

Number of nonzero elements

Memory footprint of COO format:
nz(val) + 2*nz(int) 

CSR format Input                 Output 
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Value

ÅMatrix     contains only few nonzero elements.
ÅStoring all entries results in large overhead (memory & computation).
Å Idea: Store only nonzero elements [nz] explicitly.  

Need to also store location of nonzero elements!

Memory footprint of CSR format:
nz(val) + nz(int) + (n+1) (int)

Column-index

Points to the first element in each row

Number of nonzero elements

Memory footprint of COO format:
nz(val) + 2*nz(int) 

CSR format Input                 Output 

SC25 Performance Engineering for Sparse Linear Solvers 42



Value

ÅMatrix     contains only few nonzero elements.
ÅStoring all entries results in large overhead (memory & computation).
Å Idea: Store only nonzero elements [nz] explicitly.  

Need to also store location of nonzero elements!

Memory footprint of CSR format:
nz(val) + nz(int) + (n+1) (int)

Column-index

Points to the first element in each row

Number of nonzero elements

Memory footprint of COO format:
nz(val) + 2*nz(int) 

CSR format

Hands-on Exercise: Convert this matrix into CSR format:

Compute the memory requirement (# vals + # int)

Input                 Output 
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Value

ÅMatrix     contains only few nonzero elements.
ÅStoring all entries results in large overhead (memory & computation).
Å Idea: Store only nonzero elements [nz] explicitly.  

Need to also store location of nonzero elements!

Memory footprint of CSR format:
nz(val) + nz(int) + (n+1) (int)

Column-index

Points to the first element in each row

Number of nonzero elements

Memory footprint of COO format:
nz(val) + 2*nz(int) 

CSR format

Hands-on Exercise: Convert this matrix into CSR format:

Compute the memory requirement (# vals + # int)
17 vals + 24 int

Input                 Output 
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CSR SpMV

Column-index

Value

How to parallelize this?

Row-pointer

Input                 Output 
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ÅParallelize by rows:
Å9ǾŜǊȅ άǘƘǊŜŀŘέ ƘŀƴŘƭŜǎ ǘƘŜ ŎƻƳǇǳǘŀǘƛƻƴ ƻŦ ƻƴŜ ǎǳƳ ƛƴ ƭƻŎŀƭ ƳŜƳƻǊȅΦ

T1
T2
T3
T4
T5
T6

T1
T2
T3
T4
T5
T6

=*

Column-index

Value

CSR SpMV

Row-pointer

Input                 Output 

SC25 Performance Engineering for Sparse Linear Solvers 46



ÅParallelize by rows:
Å9ǾŜǊȅ άǘƘǊŜŀŘέ ƘŀƴŘƭŜǎ ǘƘŜ ŎƻƳǇǳǘŀǘƛƻƴ ƻŦ ƻƴŜ ǎǳƳ ƛƴ ƭƻŎŀƭ ƳŜƳƻǊȅΦ
Å Significant workload imbalance!
ÅCan not store the matrix in Col-Major format for coalesced access!

T1
T2
T3
T4
T5
T6

T1
T2
T3
T4
T5
T6

=*

Column-index

Value

CSR SpMV

Row-pointer

Input                 Output 
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for ( row =0; row <n; row ++ )

{

sum = 0.0;

for ( j= rowptr [ row ]; j< rowptr [row+1]; j++ )

sum += values [ j ] * x[ colind [j] ];

y[ row ] =  alpha * sum;    

}

CSR SpMV

Storing values and columns in row-major.
-> On GPUs: non-coalesced memory access

Input                 Output 
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for( row=0; row<n; row++ )

{

sum = 0.0;

for( j=rowptr[row]; j<rowptr[row+1]; j++)

sum += values[ j ] * x[ colind[j] ];

y[ row ] =  alpha * sum;    

}

CSR SpMV

Storing values and columns in row-major.
-> On GPUs: non-coalesced memory access

Can we use column-major? 
-> Only if all rows contain the same number of nonzero elements

Input                 Output 
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for( row=0; row<n; row++ )

{

sum = 0.0;

for( j=rowptr[row]; j<rowptr[row+1]; j++)

sum += values[ j ] * x[ colind[j] ];

y[ row ] =  alpha * sum;    

}

CSR SpMV

Storing values and columns in row-major.
-> On GPUs: non-coalesced memory access

Can we use column-major? 
-> Only if all rows contain the same number of nonzero elements

Input                 Output 
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ELL Format Input                 Output 
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ELL Format Input                 Output 

`Left-ŀƭƛƎƴ ƴƻƴȊŜǊƻ ŜƭŜƳŜƴǘǎΩ
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ELL Format Input                 Output 

`Left-ŀƭƛƎƴ ƴƻƴȊŜǊƻ ŜƭŜƳŜƴǘǎΩ

Pad rows to uniform length

Memory volume: 
values: max_nnz_row* num_rows
col-index: max_nnz_row* num_rows
no row pointer
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ELL Format Input                 Output 

Pad rows to uniform length

Memory volume: 
values: max_nnz_row* num_rows
col-index: max_nnz_row* num_rows
no row pointer
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ELL SpMV Input                 Output 

T1
T2
T3
T4
T5
T6

Memory volume: 
values: max_nnz_row* num_rows
col-index: max_nnz_row* num_rows
no row pointer

Pad rows to uniform length
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ELL SpMV Input                 Output 

T1
T2
T3
T4
T5
T6

Memory volume: 
values: max_nnz_row* num_rows
col-index: max_nnz_row* num_rows
no row pointer

Coalesced access

Pad rows to uniform length
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ELL SpMV Input                 Output 

T1
T2
T3
T4
T5
T6

Memory volume: 
values: max_nnz_row* num_rows
col-index: max_nnz_row* num_rows
no row pointer

Coalesced access
Can be wasteful (overhead)

Pad rows to uniform length
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ELL SpMV Input                 Output 

T1
T2
T3
T4
T5
T6

Memory volume: 
values: max_nnz_row* num_rows
col-index: max_nnz_row* num_rows
no row pointer

Coalesced access
Can be wasteful (overhead)

Pad rows to uniform length

Hands-on Exercise: Convert this matrix into ELL format:

Compute the memory requirement (# vals+ # int)
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ELL SpMV Input                 Output 

T1
T2
T3
T4
T5
T6

Memory volume: 
values: max_nnz_row* num_rows
col-index: max_nnz_row* num_rows
no row pointer

Coalesced access
Can be wasteful (overhead)

Pad rows to uniform length

Hands-on Exercise: Convert this matrix into ELL format:

Compute the memory requirement (# vals+ # int)
36 vals + 36 int
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ÅPartition the matrix into blocks & use ELL for the distinct blocks.
ÅReduce overhead of ELL.
ÅCan still store col-major.

Sliced-ELL Format Input                 Output 
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ÅPartition the matrix into blocks & use ELL for the distinct blocks.
ÅReduce overhead of ELL.
ÅCan still store col-major.

Block0

Block1

Block2

Sliced-ELL Format Input                 Output 
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ÅPartition the matrix into blocks & use ELL for the distinct blocks.
ÅReduce overhead of ELL.
ÅCan still store col-major.

Block0

Block1

Block2

Sliced-ELL Format Input                 Output 
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ÅPartition the matrix into blocks & use ELL for the distinct blocks.
ÅReduce overhead of ELL.
ÅCan still store col-major.
ÅNeed for a row pointer.

sliced-ELL format :

Slice matrix into blocks, store blocks in 
ELL format with offset-pointer.

Block0

Block1

Block2

Sliced-ELL Format Input                 Output 

rowptr = [ 0  10  14  16 ] 
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Sliced-ELL GeMV 

Hands-on Exercise: Convert this matrix into Sliced-ELL format (SELL-2):

Compute the memory requirement (# vals+ # int)

Input                 Output 
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Sliced-ELL GeMV 

Hands-on Exercise: Convert this matrix into Sliced-ELL format (SELL-2):

Rowptr : 0 6 18 26

Compute the memory requirement (# vals+ # int)
26 vals + 26 + 4 int

Input                 Output 
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Sliced-ELL GeMV Input                 Output 

ÅHow can we optimize this? Minimize the overhead? What is the overhead dependent on?
ÅBring rows with similar number of nonzero elements into the same block.
Å{ƻǊǘ Ǌƻǿǎ ōȅ άƭŜƴƎǘƘέ ŀƴŘ ǊŜƻǊŘŜǊ ǘƘŜ ƳŀǘǊƛȄΣ ǘƘŜƴ ŎƻƴǾŜǊǘ ǘƻ {ƭƛŎŜŘ-ELL

ÅWhat happens for block-size 1?
ÅWhat happens for block size n (matrix size)?
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SpMVFormats and Kernels

ά5ƛŦŦŜǊŜƴǘ ƪŜǊƴŜƭǎ ƻǇǘƛƳŀƭ ŦƻǊ ŘƛŦŦŜǊŜƴǘ ǇǊƻōƭŜƳǎέ

COO
Å can compensate workload imbalance for irregular patterns
Å Efficient for MIMD processing
Å Strong support for atomics needed
CSR
Å small memory footprint
Å Needs some logic for row-parallel processing 
Å Efficient for MIMD processing

ELL
Å Efficient for balanced matrices
Å Enables col-major storage
Å Efficient for SIMD processing

SELL-c
Å Enables col-major storage
Å Tunable between CSR and ELL
Χ

Input                 Output 
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SpMV(CSR)
Roofline
Optimistic intensity:

SC25

for (int row = 0; row < num_rows; ++row) {
double sum = 0.0;
for (int k = row_ptrs [row] ; k < row_ptrs [row + 1]; ++k)

sum += mat_values [k] * b[ col_idxs [k] ] ;
x[row] += sum;

}
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wƻƻŦƭƛƴŜ άŦŀƛƭǳǊŜέ ǿƛǘƘ SpMV

Reasons for performance not attaining the limit

1. Intensity lower than the minimum
ÅMore RHS traffic than the optimistic limit ( "Ⱦ&)

2. ά{ƭƻǿ ŎƻŘŜέ
ÅάƛƴǾƛǎƛōƭŜέ ǇŜǊŦƻǊƳŀƴŎŜ ŎŜƛƭƛƴƎ ŘǳŜ ǘƻ ƛƴŜŦŦƛŎƛŜƴǘ ƛƴǎǘǊǳŎǘƛƻƴǎ ƻǊ ƛƴŜŦŦƛŎƛŜƴǘ 

execution

3. Load imbalance
ÅA single process/thread cannot saturate the memory bandwidth

4. Erratic memory access patterns for RHS
ÅLatency dominates

SC25

Intensity

P
e
rf
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Pmax

ὖάὩὥί

ὔ

ὠ
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Experiences with SpMVon GPUs

Looking at ~3,000 test matrices from Suite Sparse Matrix Collection

SC25

Absolute CSR  limit for 
ὦ σ4"ȾÓ
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Hands-On:

SpMVbenchmarking
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Solving Sparse Linear Systems

²Ƙȅ ǿŜ ƻŦǘŜƴ ŘƻƴΩǘ ǳǎŜ ŘƛǊŜŎǘ ǎƻƭǾŜǊǎ

Characteristics and optimization of iterative solvers

Preconditioning using Matrix Polynomials

Jonas Thies (j.thies@tudelft.nl)



Can we use direct solvers for solving sparse problems?
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Scalar or block-LU?

Are zeros preserved in the factorization?

Can we store the fill-in?



Can we use direct solvers for solving sparse problems?
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Scalar or block-LU?

Are zeros preserved in the factorization?

Can we store the fill-in?

LU



Iterative Solvers
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Generate a sequence of solution approximations with increasing approximation quality.

ὼ ᶇὼ ᶇὼ ᶇὼ ᶇỄ



Iterative Solvers
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Generate a sequence of solution approximations with increasing approximation quality.

Relaxations

ÅBase on matrix splitting

ÅJacobi relaxation:

ÅMatrix-Vector Prod. & Vector Ops

ÅLow arithmetic intensity
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Iterative Solvers
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Generate a sequence of solution approximations with increasing approximation quality.

Relaxations

ÅBase on matrix splitting

ÅJacobi relaxation:

ÅMatrix-Vector Prod. & Vector Ops

ÅLow arithmetic intensity

Krylov Subspace Methods

ÅIteratively grow Krylov subspace

ÅApproximate solution

in Krylov Subspace

ÅMatrix-Vector Prod. & Vector Ops

ÅLow arithmetic intensity

ὑ ὃȟὶ ίὴὥὲὶȟὃὶȟὃὶȟȣȟὃ ὶ

ὑ Ṓὑ Ṓὑ ṒỄᴙ
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Iterative Solvers
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Generate a sequence of solution approximations with increasing approximation quality.

Relaxations

ÅBase on matrix splitting

ÅJacobi relaxation:

ÅMatrix-Vector Prod. & Vector Ops

ÅLow arithmetic intensity

Krylov Subspace Methods

ÅIteratively grow Krylov subspace

ÅApproximate solution

in Krylov Subspace

ÅMatrix-Vector Prod. & Vector Ops

ÅLow arithmetic intensity

Multigrid Methods

ÅRecursively project problem to 

coarser grid and solve on coarser 

grid

ÅMatrix-Vector Prod. & Vector Ops

ÅLow arithmetic intensity

ὑ ὃȟὶ ίὴὥὲὶȟὃὶȟὃὶȟȣȟὃ ὶ

ὑ Ṓὑ Ṓὑ ṒỄᴙ

ὼ ᶇὼ ᶇὼ ᶇὼ ᶇỄ
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Iterative Solvers
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Generate a sequence of solution approximations with increasing approximation quality.

Relaxations

ÅBase on matrix splitting

ÅJacobi relaxation:

ÅMatrix-Vector Prod. & Vector Ops

ÅLow arithmetic intensity

Krylov Subspace Methods

ÅIteratively grow Krylov subspace

ÅApproximate solution

in Krylov Subspace

ÅMatrix-Vector Prod. & Vector Ops

ÅLow arithmetic intensity

Multigrid Methods

ÅRecursively project problem to 

coarser grid and solve on coarser 

grid

ÅMatrix-Vector Prod. & Vector Ops

ÅLow arithmetic intensity



Example: Conjugate Gradients (CG)

Krylov Subspace Methods

ÅIteratively grow Krylov subspace

ÅApproximate solution

in Krylov Subspace

ÅMatrix-Vector Prod. & Vector Ops

ÅLow arithmetic intensity

Optimal Krylov solver for symmetric and positive definite (SPD) 

matrices

Requires storing only four additional vectors



Preconditioning Iterative Solvers
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Transform linear problem by multiplying both sides 

with ὖ ὃ such that iterations converge faster.

ὃὼ ὦ ᵾ ὖὃὼὖὦᵾ ὃὼ ὦ

ὃ ὦ



Preconditioning Iterative Solvers
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Transform linear problem by multiplying both sides 

with ὖ ὃ such that iterations converge faster.

Iterative solver as preconditioner

ÅMultigrid

ÅJacobi

ÅBlock-Jacobi

ÅSparse Approximate Inverses

ÅMatrix-Vector Prod. & Vector Ops

ÅLow arithmetic intensity

ὃὼ ὦ ᵾ ὖὃὼὖὦᵾ ὃὼ ὦ

ὃ ὦ

Ὀ ὃὼ Ὀ ὦ



Preconditioning Iterative Solvers
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Transform linear problem by multiplying both sides 

with ὖ ὃ such that iterations converge faster.

Iterative solver as preconditioner

ÅMultigrid

ÅJacobi

ÅBlock-Jacobi

ÅSparse Approximate Inverses

ÅMatrix-Vector Prod. & Vector Ops

ÅLow arithmetic intensity

Incomplete Factorizations

ÅCompute LU factorization with 

restricted fill-in 

ÅReplace triangular solver with 

iteratively solving factors

ÅMatrix-Vector Prod. & Vector Ops

ÅLow arithmetic intensity

ὃὼ ὦ ᵾ ὖὃὼὖὦᵾ ὃὼ ὦ

ὃ ὦ

Ὀ ὃὼ Ὀ ὦ

ὒẗώ ὦ Ὗẗὼ ώ



Preconditioning Iterative Solvers
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Transform linear problem by multiplying both sides 

with ὖ ὃ such that iterations converge faster.

Iterative solver as preconditioner

ÅMultigrid

ÅJacobi

ÅBlock-Jacobi

ÅSparse Approximate Inverses

ÅMatrix-Vector Prod. & Vector Ops

ÅLow arithmetic intensity

Incomplete Factorizations

ÅCompute LU factorization with 

restricted fill-in 

ÅReplace triangular solver with 

iteratively solving factors

ÅMatrix-Vector Prod. & Vector Ops

ÅLow arithmetic intensity

Polynomial preconditioners

ÅChoose 

ÅMatrix-Vector Prod. & Vector Ops

ÅLow arithmetic intensity

ὃὼ ὦ ᵾ ὖὃὼὖὦᵾ ὃὼ ὦ

ὃ ὦ

Ὀ ὃὼ Ὀ ὦ

ὒẗώ ὦ Ὗẗὼ ώ

ὃ ὓ ὔ

ὖ Ὅ ὓ ὃ ὓ



ὖ Ὅ ὓ ὃ ὓ

Preconditioning Iterative Solvers
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Transform linear problem by multiplying both sides 

with ὖ ὃ such that iterations converge faster.

Iterative solver as preconditioner

ÅMultigrid

ÅJacobi

ÅBlock-Jacobi

ÅSparse Approximate Inverses

ÅMatrix-Vector Prod. & Vector Ops

ÅLow arithmetic intensity

Incomplete Factorizations

ÅCompute LU factorization with 

restricted fill-in 

ÅReplace triangular solver with 

iteratively solving factors

ÅMatrix-Vector Prod. & Vector Ops

ÅLow arithmetic intensity

Polynomial preconditioners

ÅChoose 

ÅMatrix-Vector Prod. & Vector Ops

ÅLow arithmetic intensity

ὃὼ ὦ ᵾ ὖὃὼὖὦᵾ ὃὼ ὦ

ὃ ὦ

Ὀ ὃὼ Ὀ ὦ

ὒẗώ ὦ Ὗẗὼ ώ

ὃ ὓ ὔ



Optimizing Iterative Solvers & Preconditioners
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1. Optimizing the matrix vector product as common building block

ÅOptimization of sparse data format and processing scheme



Optimizing Iterative Solvers & Preconditioners
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1. Optimizing the matrix vector product as common building block

ÅOptimization of sparse data format and processing scheme

2. Cache-Aware implementation

ÅMerging of Operations into super-kernels to reduce the memory access

BiCGStab Krylov solver (van der Vorst, 1992)



Optimizing Iterative Solvers & Preconditioners
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1. Optimizing the matrix vector product as common building block

ÅOptimization of sparse data format and processing scheme

2. Cache-Aware implementation

ÅMerging of Operations into super-kernels to reduce the memory access

3. Replace memory access with additional computations

ÅMixed Precision algorithms using low precision in parts of the computations

ÅMatrix Powers Kernel and cache blocking
high precision

low precision



SC25

Hands-On:

Conjugate-Gradient Solver
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Cache Blocking for the Matrix Power Kernel
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Motivation ςSparseMatrix VectorMultiplication

ÁEasy to parallelizebut sparseirregulardatastructures/ accesses

ÁSpMVPerformance ăĄStronglyMemory Bound(high codebalance)

= + ω

C( :) C( :) A( :,:) B( :)
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Motivation ςMatrix power kernel (MPK)

for k=1:p; do

y[ k] = SpMV( A, y[k - 1] )

done

y[0] y[1] y[2] y[3]

ὃὼ ὃὼὃὼὼ

SpMV SpMV SpMV

ÁCalculate: ώ ὃὼ

ÁRepeatedlyperformback to back SpMVs

Same matrix ὃloaded ὴtimes from main memory!!!

How to cache the matrix ὃacross the matrix power calculation?
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4321 Χ5 64321 Χ5 6y ὃὼ

4321 Χ5 64321 Χ5 6ώ ὃὼ

4321 Χ5 64321 Χ5 6ώ ὃὼ

Matrix power ςTraditional approach vs. Cache Blocking 

SC25

Calculate ώ ὃὼ

RACE approachTRAD approach

Matrix accessed 3 times from memory

ω= ω=

Matrix accessed 1 time from memory

Howto do that in generalfor sparsematrices?
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SpMVςGraphTraversalςRACE
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Sample matrixand its graphrepresentation

Symmetric Matrix Undirected Graph

ꜟὭ ρ Ὦ ὔḊὃȟ π

ᶪὭ

ꜟρπ

ﬞ ό ὺᶰם꞉ȡόȟὺᶰ꜡Ὃ

ᶪό

10 11

18

9

2

17

3

ﬞ ρπ
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Sample matrixand its graphrepresentation

Symmetric Matrix Undirected Graph
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RACE

144321 15Χ

levels
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RACE

14421 15Χ

Levels (ὒ)

2 4

SC25

Key property

ﬞ ὒὭ ὒὭ ρȟὒὭȟὒὭ ρ

ὃὼcomputations on ὒὭwill require ὃ ὼ
to be complete on ὒὭ ρȟὒὭȟὒὭ ρ

Neighbors localized Č dependencies localized

33
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RACE ïLevel traversal and matrix powers

144321 15Χ ὃὼ5 6 7

144321 15Χ ὃὼ5 6 7

144321 15Χ ὃὼ5 6 7

do k = 1, p

y(:, k) = SpMV( A, y(:,k - 1))

enddo

SC25

Levels

M
a
tr

ix
 P

o
w

e
rs

Nocacheblocking!
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RACE ïLevel traversal and matrix powers

do k = 1, p

y(:, k) = SpMV( A, y(:,k - 1))

enddo

144321 15Χ ὃὼ5 6 7

144321 15Χ ὃὼ5 6 7

144321 15Χ ὃὼ5 6 7

Do not pollute the cacheĄ reuseall loadedelements

Whenupdatinglevel1, indirect readsalso goto level2

SC25

Levels
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RACE ïLevel traversal and matrix powers

144321 15Χ ὃὼ5 6 7

144321 15Χ ὃὼ5 6 7

144321 15Χ ὃὼ5 6 7

Whenupdatinglevel2, indirect readsalso goto levels1 and3

do k = 1, p

y(:, k) = SpMV( A, y(:,k - 1))

enddo

SC25

Levels

M
a
tr

ix
 P

o
w

e
rs
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RACE ïLevel traversal and matrix powers

144321 15Χ ὃὼ5 6 7

144321 15Χ ὃὼ5 6 7

144321 15Χ ὃὼ5 6 7

do k = 1, p

y(:, k) = SpMV( A, y(:,k - 1))

enddo

SC25

Levels

M
a
tr

ix
 P

o
w

e
rs
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RACE ïLevel traversal and matrix powers

144321 15Χ ὃὼ5 6 7

144321 15Χ ὃὼ5 6 7

144321 15Χ ὃὼ5 6 7

do k = 1, p

y(:, k) = SpMV( A, y(:,k - 1))

enddo

SC25

Levels

M
a
tr

ix
 P

o
w

e
rs
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RACE ïLevel traversal and matrix powers

144321 15Χ ὃὼ5 6 7

144321 15Χ ὃὼ5 6 7

144321 15Χ ὃὼ5 6 7

do k = 1, p

y(:, k) = SpMV( A, y(:,k - 1))

enddo

SC25

Levels

M
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ix
 P
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w

e
rs
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RACE: MPK implementation idea

144321 15Χ ὃὼ5 6 7

144321 15Χ ὃὼ5 6 7

144321 15Χ ὃὼ5 6 7

SC25

p_start=1

p_end=3

Power 2 computation on 
level 5
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RACE ïInput parameters and its influence   

144321 15Χ ὃὼ5 6 7

144321 15Χ ὃὼ5 6 7

144321 15Χ ὃὼ5 6 7

SC25

Levels

M
a
tr

ix
 P

o
w

e
rs

ὴ ρ ὔ ὒ ρςbytes ὅ

ὔ ὒ avg. non-zeros in a level
ὅ cache size

A is loaded only once if
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Intel Xeon Platinum 
8368 (Ice Lake)
Å38 cores
Å104 MB cache 

(L2+L3)

SC25

Power value with 
maximum 
performance.
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Matrix power kernel: Performance ςIntel Ice Lake
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Avg. Speedup

RACE Baseline
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Matrix power kernel: Performance ςIntel Ice Lake
Intel Xeon Platinum 
8368 (Ice Lake)
Å38 cores
Å104 MB cache 

(L2+L3)
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Avg. Speedup

RACE Baseline

AMD EPYC 7662
Å64 cores
Å288 MB cache 

(L2+L3)

SC25

Matrix power kernel: Performance ςAMD Rome 
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RACE - summary

ÁInner kernel: OpenMPparallel standardSpMVroutine

ÁOverhead: BFS & Set up of datastructures(approx. υπSpMVs)

ÁParameters: Power (pm), AvailableCache Size, Max. recursiondepth

ÁCache sizeăĄmax. polynomial degree(pm)
ÁLarger cachesĄ larger pmĄ better performance

ÁPolynomial degreehigherthan pmĄComputationin chunksof pm

ÁNolossof accuracy!
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RACE ςMPK applications

ÁExponentialIntegrators Ą Polynomial approximations

Ás-stepKrylovmethods(CA-GMRES)

ÁPolynomial preconditioning

ÁAlgebraicMultigrid smoothers
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Hands-On:

MPK with RACE

Performance Engineering for Sparse Linear Solvers 113



SC25

# include <RACE/interface.h >

RACE::dist k = RACE::POWER;
Nt = omp_get_num_threads ();
RACE::Interface race (Nr, Nt, k, rowPtr , col );

//power value; here 4
int pm = 4 ;
//cache size in bytes; here 30 MB
double C = 30*1024*1024;
//perform pre - processing, find levels
race.RACEColor (pm, C);

int *perm, * invPerm , permLen=Nr;
race.getPerm (&perm, & permLen) ;
race.getInvPerm (&invPerm , & permLen) ;
//permute matrix and vector data structures
permute (perm, invPerm ) ;

Using RACE struct functionArg
{

//user - defined struct for input and output
//arguments of the call - back function
int Nr;
. . .

};

//user - defined call - back function
void foo( int row_s, int row_e, int pow, void * voidArg )
{

functionArg * arg = ( functionArg *) voidArg ;
. . .

}

functionArg * args = new functionArg ;
//fill args
args - >Nr = 1000;
. . .

void* voidArgs = (void*) args ;
int foo_id = race.registerFunction (&foo, voidArgs , pm);
race.executeFunction ( foo_id );

Pre-processing Processing
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Neumann polynomial apply

ύ Ὅ ὒ ὃὍ Ὗ ὺ

ὸ Ὅ Ὗ ὺ

ὸ ὃὸ

ύ Ὅ ὒ ὸ

Cache blocking

Cache blocking

Can we do better?
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Neumann polynomial apply

ύ Ὅ ὒ ὃὍ Ὗ ὺ

ὸ Ὅ Ὗ ὺ

ὸ ὃὸ ὒ Ὗὸ

ύ Ὅ ὒ ὸ

Cache blocking

Total power = ςὯ ρ
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RACE: Backup
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MPK ςexistingcachingapproaches

ÁHuber et al.: Graph-based higher-order time integration of PDEs1

ÁάDŜƻƳŜǘǊƛŎŀƭ ŀǇǇǊƻŀŎƘέ based on matrix bandwidth

ÁWorks for 2D stencil matrices ĄRuns into problem for 3D and/or unstructured 
matrices

ÁMohiyuddinet al.: Minimizing communication in sparse matrix solvers2

Áά5ƻƳŀƛƴ ŘŜŎƻƳǇƻǎƛǘƛƻƴέ ƻŦ ǳƴŘŜǊƭȅƛƴƎ ƎǊŀǇƘ 

ÁwŜǉǳƛǊŜǎ άƎƘƻǎǘƛƴƎέ Ą Indirect accesses or redundant copies of the matrix entries Ą

Scalability!!

Ą Exploit level structure in RACE for cache blocking!

1Huber et al., 2021. Graph-based multi-core higher-order time integration of linear autonomous partial differential equations. J.Comput. Sci. DOI:10.1016/j.jocs.2021.101349

2Mohiyuddin et al., 2009. Minimizing communication in sparse matrix solvers. In Proceedings of the SCΩ09. DOI:10.1145/1654059.1654096

RACE
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RACE MPK ςFirst Implementation

Intel Xeon Gold 6248
Å 1 Socket (20c)

pwtk matrix
Åὔ 217,918
Åὔ = 11,634,424

pwtk matrix

Memory trafficPerformance

SpMV
Roofline

SpMVRoofline

MPK 
Roofline
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RACE MPK ςPerformance Problem Identified

ÁSchemeseemsto work (reducesdatatraffic) ςat least for pwtk

ÁBut: PerformanceL!!!!

ÁAnalysis of hardwareperformancecounters(LIKWID) for pwtk matrix:  
INSTR_RETIRED_ANY up 2x for levelbasedSpMV!

Ą Frequentthreadsyncronisations! 

Reason: After eachlevelthreadssync!

Measures:
ĄReduce#levelsby levelaggregationόαLGάύ
ĄGlobal sync. replacedby point-to-point syncΦ όαp2pάύ

LG
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RACE MPK ςLGoptimization

pwtk matrix

Memory trafficPerformance

SpMV
Roofline

Intel Xeon Gold 6248
Å 1 Socket (20c)

pwtk matrix
Åὔ 217,918
Åὔ = 11,634,424
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RACE MPK ςLG+p2poptimization

pwtk matrix

Memory trafficPerformance

J

SpMV
Roofline

Intel Xeon Gold 6248
Å 1 Socket (20c)

pwtk matrix
Åὔ 217,918
Åὔ = 11,634,424
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Outlook: Distributed-Memory SpMV

Slides courtesy of Dane Lacey, NHR@FAU
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SpMVExample
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SpMVExample
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Distributed SpMVExample

3 5 3

2 1 1 1

1 5 5

1 1

2 9 2 3

4 1 3 2

2 7 3

1 2
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8

9
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1

MPI Proc. 3

MPI Proc. 2

MPI Proc. 1

MPI Proc. 0

¢ƘŜ Ȅ ǾŜŎǘƻǊ ƛǎ ŀƭǎƻ άǇŀǊǘƛǘƛƻƴŜŘέΣ ǘƻ 
reduce redundant data across 

processes
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Distributed SpMVExample
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Distributed SpMVExample
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Distributed SpMVExample
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Distributed SpMVExample
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Distributed SpMVExample
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Outlook: 
Cache-BlockingDistributed-Memory MPK

Performance Engineering for Sparse Linear Solvers 136



SC25

Proc 1

Proc 0

Distributed MPK
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Proc 0

Distributed MPK

Computing ὃὼon Proc 0 
requires neighborsof Proc 0.

How about computing ὃὼȩ
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Proc 0

Distributed MPK

ὃὼ ὃὼ ὃὼ ὃὼ ὃὼ ὃὼ ὃὼ ὃὼ

ὃὼ ὃὼ ὃὼ ὃὼ ὃὼ ὃὼ ὃὼ ὃὼ

ὃὼ ὃὼ ὃὼ ὃὼ ὃὼ ὃὼ ὃὼ ὃὼ

ὃὼ ὃὼ ὃὼ ὃὼ ὃὼ ὃὼ ὃὼ ὃὼ
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Proc 0

Distributed MPK

ὃὼ ὃὼ ὃὼ ὃὼ ὃὼ ὃὼ ὃὼ ὃὼ

ὃὼ ὃὼ ὃὼ ὃὼ ὃὼ ὃὼ ὃὼ ὃὼ

ὃὼ ὃὼ ὃὼ ὃὼ ὃὼ ὃὼ ὃὼ ὃὼ

ὃὼ ὃὼ ὃὼ ὃὼ ὃὼ ὃὼ ὃὼ ὃὼ

To compute ὃὼwe need 
ὃὼon the neighbors.

ὃὼ ὃὼ ὃὼ ὃὼ ὃὼ ὃὼ ὃὼ ὃὼ
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Proc 0

Distributed MPK

To compute ὃὼwe need 
ὃὼon the neighbors.

ὃὼ ὃὼ ὃὼ ὃὼ ὃὼ ὃὼ ὃὼ ὃὼ
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ὃὼ ὃὼ ὃὼ ὃὼ ὃὼ ὃὼ ὃὼ ὃὼ

ὃὼ ὃὼ ὃὼ ὃὼ ὃὼ ὃὼ ὃὼ ὃὼ

ὃὼ ὃὼ ὃὼ ὃὼ ὃὼ ὃὼ ὃὼ ὃὼ

ὃὼ ὃὼ ὃὼ ὃὼ ὃὼ ὃὼ ὃὼ ὃὼ

ὃὼ ὃὼ ὃὼ ὃὼ ὃὼ ὃὼ ὃὼ ὃὼ
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Proc 0

Distributed MPK

To compute ὃὼwe need 
ὃὼon the neighbors.

ὃὼ ὃὼ ὃὼ ὃὼ ὃὼ ὃὼ ὃὼ ὃὼ
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ὃὼ ὃὼ ὃὼ ὃὼ ὃὼ ὃὼ ὃὼ ὃὼ

ὃὼ ὃὼ ὃὼ ὃὼ ὃὼ ὃὼ ὃὼ ὃὼ

ὃὼ ὃὼ ὃὼ ὃὼ ὃὼ ὃὼ ὃὼ ὃὼ

ὃὼ ὃὼ ὃὼ ὃὼ ὃὼ ὃὼ ὃὼ ὃὼ

ὃὼ ὃὼ ὃὼ ὃὼ ὃὼ ὃὼ ὃὼ ὃὼ

ὃὼ ὃὼ ὃὼ ὃὼ ὃὼ ὃὼ ὃὼ ὃὼ

ὃὼ ὃὼ ὃὼ ὃὼ ὃὼ ὃὼ ὃὼ ὃὼ

In general, to compute 
ὃὼwe need ὴneighbors.
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Distributed MPK

* D. Lacey, C. Alappat, F. Lange, G. Hager, and G. Wellein: Cache Blocking of Distributed-Memory Parallel Matrix 
Power Kernels, to be submitted.

It works!

No redundant work 
and/or extra 
communication 
required, see upcoming 
paper.*
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