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Tutorial Agenda

ABrief introduction to noddevel computer architecture
APerformance modeling with the Roofline model

ASparse matrixector multiplication $pMV) performance, sparse
maitrix data formats, and Roofline modelingSMV

AThe Conjugate Gradient (CG) algorithm

APreconditioning and preconditioned CG (PCG)
AAccelerating matrix power kernels (MPK) by cache blocking
AOptional: distributedmemorySpMVand MPK cache blocking



HPC Node Architecture



Multi-core today: Intel Xeon Sapphire Rapids (2023)

F'L.;’ "

S 2Sapphire Rapids o0t f I GAYydzYk D2t R
Up to 60 cores running at 1.7+ GHz i
Ob a¢dzZNdb2 az2RSE nody DI OX

A

A aLYyuaSt 1¢é LINROS&aa «k dzLJ G2
A Multi-die package (4 chips)

A Clock frequency: . ,
ﬂeX|b|eJ - : | e W

.....

https://www.techpowerup.com/292204/intelsapphirerapidsxeon-4-tile-mcm-annotated
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~ 34 TFlop/s DP peak (FP64)
50 MiB L2 Cache

80 GB HBM3
MemBW ~ 3300 GB/s (theoretical)
MemBW ~ 3000 GB/s (measured)
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Threads, warps, grids on NVIDIA GPUs

A Threads are organized in  thread warp o Share
Wal’pS(32 threadS) one GPU subcore > '_»i_ii}«;
A Warpsmakeup ablock
A A block executes on one block grid
gy e [T i ot i
A : TRRRERRRRE m L
A SCthUlln a ens # threads/block brenseetbocosend # blocks/grid e e
ing\app i I UL U LY
automaticaly LU N 00
A Developer must map threa T TR — D
L 5 é, u 2 (’] é 2 NJI_ l executed on&)ne GPU
(Ite ra.tlonS) blocks scheduled on a one GPU core
A Threads in avarp should |GPU Wﬁhﬁz e i oo
core0 | corel
accessonsecutive memon gees mgges | (e
addresses block 2| |block 3 uﬁu
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Structure of typical solver code

iterate

» time

parallel_for (i =0.N){// N>>L <
update(data);

}

Runtime model: Y Q$ STUSEHARDWARE

NnSteady stateo

A Repetitive

A Negligible startup/wind-down
overhead

SC25 Performance Engineering for Sparse Linear Solvers
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A simple twebottleneck model of loop code
execution

Simplistic view of the hardware: Simplistic view of the software:

I may be multiple levels
do I =1,<sufficient>
<complicated stuff doing

Execution units

max. performance

causing
transfer>

Data path, bandwidth enddo

1

o 4
A Unit: byte/s Computational intensity=  —

A Unit: flop/byte

Data source/sink
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Predicting the (minimum) runtime of a loop

Two bottlenecks:

............................... o " El T PO
o e — Y P WEeE— Resources
#pragma omp parallel for @@@EE@'@E O rates provided
for( i =0; i<107; ++ i e J U (machine
( _ _ ) . |_“I_k; \% . AUO A properties)
a[i] = a[i] S c[i]; | Memnory ] ”C’)
8-core CPU _
RESOUICES w C p T[/CE‘| | D O (3 GHz Intel Sandy Bridge)
needed (code o )
properties) w o ¢y pmAUOAO .
Fulloverlap assumption:
. ¢ pmAITDHO. . ¢8 pmAUOAQ . . "y gq il ARy FRY )
| WaRR L i —AUOA ¥ O ol O
P& Biaen
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From time to performance

C

Machine model:
Peak performance
[flop/s]

SC25

T

Application model.

Computational
intensity [flop/byte]

Machine model:
Memory bandwidth
[byte/s]

Performance Engineering for Sparse Linear Solvers
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R.W. Hockney and I.J. Curington:
f,;,: A parameter to characterize memory and communication bottlenecks.
Parallel Computing 10, 277-286 (1989). DOI: 10.1016/0167-8191(89)90100-2

I - 14
a W 2 2 I f A y. :5 8 I I K S. Williams: Auto-tuning Performance on Multicore Computers.

CB Technical Report No. UCB/EECS-2008-164. PhD thesis (2008)

Common nomenclature:

Y A U peak performance :
v 5 - S I:)ea
Y A « memory bandwidth 5| ——
compute
. . . . bound
A "‘Ocomputational intensity =
bound
<
~ | :
~ - Z s ~ ~ ntensity
0 | E® hO w)
Threshold:
F -w5F/B for current
Server CPUs/GPUs
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Diagnostic modeling
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Roofline: Simple Examples
Dense linear algebra

Sparse linear algebra

Simple solvers: CG

SCZ5 Performance Engineering for Sparse Linear Solvers
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Dense linear algebra

for( 1=0; 1<N;++1i)

a[i]l=al il]+s*X[ i]; for(k=0; k<NK;++k)

for(I=0; I<NL; ++I)
daxpy (BLAS) for(m=0; mM<NM; ++m)
y[k* NL+I] +=
Alk* NM+ifB[lI* NM+in
ey =05 [ 4=-1) dense MMM (BLAS)
s+=al 1]*b[ 1];

dot product (BLA]) for(r=0; r<NR; ++r)

for(c=0; c<NC; ++C)
ylr] += Alr* NC+¢*x[c];

Roofline thinking: dense MVM (BLAS)
What is the computational intensity? dot-product style

SC25 Performance Engineering for Sparse Linear Solvers
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for(r=0; r<NR; ++r)
for(c=0; c<NC; ++C)

Dense MVM VIl += Al NC+§*x(cl;

AOne DP read from memory for each matrix entry
Ax[] andy[] are read and updated from cache afte¥ read
AA 8 byte and 2 flops per iteration

Computational intensityQ —— 1@ uv—



for(k=0; k<NK;++k)
for(1=0; I<NL; ++I)
Dense M M M ’7 for(m=0; m<NM; ++m)
y[k* NL+I] +=
A[k* NM+inB[l*  NM+in

ABlocking/unrolling techniques can increase intensity beyond the
Roofline knee

for(k=0; k<NK; k+=2)
for(I=0; I<NL; [+=2)
for(m=0; m<NM; ++m)

y[k* NL+I] += Alk* NM+iprt B[lI* NM+in

yl(k+1)* NL+I] += FB[lI* NM+in
YIK*NL+(I+1)] += Alk* NM+ipt B[(I+1)* NM+in
Y[(k+1)*NL+(l+1)] += *B[(I+1)* NM-+in

A peak performance achievable



Sparse Matrices arfsbMV
Sparse Matrix Formats
Sparse Matrix Vector Product Parallelization

SCZ5 Performance Engineering for Sparse Linear Solvers
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Matrix Vector Multiplication InputA,z,y  Outpyt= A -z

A Central building block in many complex algorithms:
A Orthogonalization, power iteration in Page Rank, Power flow of a syXtem

A Before we turn to sparse matrices, we recall how we store & handle dense matrices on
parallel processors (i.e. GPUS)



Matrix Vector Multiplication Input A, z, y

__global__ voidgemv_rowmajad X 0
{
int row =blockldx.%blockDim.x+threadldx.x
float sum = 0.0;
if (row < n){
for(int col=0; col<n; col++){
sum += m[ row*n + col ] * X[ col |;
}
y[ row ] = alpha * sum;
}
}

__global__ voidgemv_colmajar X 0
{
int row =blockldx.¥blockDim.x+threadldx.x
float sum = 0.0;
if (row < n){
for(int col=0; col<n; col++){
sum += m[ row + n*col ] * X[ col ];
}
y[ row ] = alpha * sum;
}
}

SC25

Parallel threads Rowmajor

Colmajor

vyy

Performance Engineering for Sparse Linear Solvers

Outpyt= A - x
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Matrix Vector Multiplication Input A, z, y

__global__ voidgemv_rowmajad X 0
{
int row =blockldx.%blockDim.x+threadldx.x
float sum = 0.0;
if (row < n){
for(int col=0; col<n; col++){
sum += m[ row*n + col ] * X[ col |;
}
y[ row ] = alpha * sum;
}
}

__global__ voidgemv_colmajar X 0
{
int row =blockldx.¥blockDim.x+threadldx.x
float sum = 0.0;
if (row < n){
for(int col=0; col<n; col++){
sum += m[ row + n*col ] * X[ col ];
}
y[ row ] = alpha * sum;
}
}

SC25

Parallel threads Rowmajor

=

= =

Colmajor
|:::
|:::
vV Vvyy

[Firstread |
(Second read
' Third read |
X

Performance Engineering for Sparse Linear Solvers
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Matrix Vector Multiplication

__global__ voidgemv_rowmajad X 0
{
int row =blockldx.%blockDim.x+threadldx.x
float sum = 0.0;
if (row < n){
for(int col=0; col<n; col++){
sum += m[ row*n + col ] * x[ col ];
}
y[ row ] = alpha * sum;
}
}

__global__ voidgemv_colmajar X 0
{
int row =blockldx.¥blockDim.x+threadldx.x
float sum = 0.0;
if (row < n){
for(int col=0; col<n; col++){
sum += m[ row + n*col ] * X[ col ];
}
y[ row ] = alpha * sum;
}
}

SC25

Parallel threads Rowmajor

=

= =

Colmajor

(= Y=

(N \

vyy

[First read

(Second read|

' Third read

X

Performance Engineering for Sparse Linear Solvers

Input A, =, y Outpyt= A - x
V100 float: gflops
@ row_gflops @ col_gflops
400
g 300
@)
1 200
LL
O
100
° 20000 30000
dim
33




Sparse Matrix Vector Multiplication InputA,z,y  Outpyt= A - x

A Matrix A contains only few nonzero elements.
A Storing all entries results in large overhead (memory & computation).



Sparse Matrix Vector Multiplication InputA,z,y  Outpyt= A - x

A Matrix A contains only few nonzero elements.
A Storing all entries results in large overhead (memory & computation).
A |dea:Store only nonzero elements [nz] explicitly.

(54 11 0 0 0 0 )
22 83 0 37 13 38
0 0 42 0 0 0

54 0 0 92 0 0
0 0 0 0 11

\ 0 0

0 0 0 81)
value=[ 54 11 22 83 37 13 38 42 54 92 11 81 | Value




COO format

Input A, =, y Outpyt= A - x

A Matrix A contains only few nonzero elements.
A Storing all entries results in large overhead (memory & computation).
A |dea:Store only nonzero elements [nz] explicitly.

Need to also store location of nonzero elements!

Memory footprint of COO format:

(5.4 .1 0 0 0 0 \ s
22 83 0 37 1.3 3.8 nz(val) + 2*nz(int)
L] 0 0 42 0 0 o0
=154 0 0 92 0 o0
O 0 0 0 11 0
\ 0o 0 0 0 0 81)
value=| 54 11 22 83 37 13 38 42 54 92 1.1 81 | Value
colidk = 0 1 0 1 3 3 5 ] Columnindex
rowidx = 0 0 1 1 1 3 5 ] Rowindex
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COO format InputA,z,y  Outpyt= A -z

A Matrix A cortnins anbefars man—ara alanscnia
ﬁ Storllng all e Handson Exercise: Convert this matrix into COO format:
ldea:Store o
Need t
(0 0 0 4 2 o\ |
0 2 3 0 0 1 D format:
O 0 0 0 0 O
1 2 3 4 3 1
0 2 0 0 0 1
\1 2300 1)
value=1[ 5
colidk = 0
Compute the memory requirement (# vals + # int)

rowidx =[ 0 0 I 1 1 1 1 2 3 3 4 5 | Rowindex



COO format

A Matrix A cor
A Storing all el
A Idea:Store o
Need t

value=1[ 5
colidk = 0
rowidx =[ 0

Input A, =, y Outpyt= A - x
Handson Exercise: Convert this matrix into COO format:
(0 0 0 4 2 0) |
0 2 3 0 0 1 D format:
O 0 0 0 0 O
1 2 3 4 3 1
0O 2 0 0 0 1
\1 2300 1)
Compute the memory requirement (fals+ # int)
17 vals + 34 int
U I I 1 1 1 Z 5 5 4 5) J Rowindex



COCBDMV Input A, x,y Outpyt= A - x

Split nonzero elements into chunks and parallelize across chunks.
A Partial sums need synchronization / atomics to avoid write conflicts.
A Non-coalesced memory access (because-rajor).

access to access to
Input vector x output vector y

/54 1.1 .0 0 0 O Tl
22 83 10 | 3.7 1.3 |3.8 : T2
B 0 0 0 0 0 * : T )
A= 3370 0 9710 o0 R - T4;'\

o 0o o0 o Jti o ) T
L VN
0 0 0 0 0 ) \ T6—>

value=1[ 54 1.1 22 83 3.7 13]]3.8 4.2|154 9.2(|1.1 81} ] Value

colidx =[ | 0 1 0 1 3 4l 5 2|l 0 3l14 S| columnindex

rowidx = 0 0 1 1 1 1 T 2| 3 3|14 5])] Rowindex
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CSR (==CRS) format InputA,z,y  Outpyt= A -z

A Matrix A contains only few nonzero elements.
A Storing all entries results in large overhead (memory & computation).
A |dea:Store only nonzero elements [nz] explicitly.

Need to also store location of nonzero elements!

Memory footprint of COO format:

(54 11 0 0 0 0 ) N
22 83 0 37 13 38 nz(val) + 2*nz(int)
A_| 0 0 a2 0 0 0
|54 0 0 92 0 0
0 0 0 0 11 0
\ 0 0 0 0 0 81/
value=[ 54 1.1 22 83 37 13 38 42 54 92 11 81 ] \Value
colidx =[ 0 1 0 1 3 3 5 |

Columnindex
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CSR format InputA,z,y  Outpyt= A -z

A Matrix A contains only few nonzero elements.
A Storing all entries results in large overhead (memory & computation).
A |dea:Store only nonzero elements [nz] explicitly.

Need to also store location of nonzero elements!

(54 11 0 0 0 0\ Memory footprint of COO format:

22 83 0 37 1.3 3.8 nz(val) + 2*nz(int)
A_| 0 0 42 0 o0 0 _
=l 54 0o 0 92 0o o Memory footprint of CSR format:
0o 0 0 0 11 0 nz(val) +nz(int) + (n+1) (int)
\ 0 0 0 0 0 81)
value=| 54 1.1 22 83 37 13 38 42 54 92 1.1 81 ] Value
colidx=| 0 1 5 Columnindex
( <
rowptr— 8 11 @ ] Points to the first element in each row

Number of nonzero elements
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CSR format InputA,z,y  Outpyt= A -z

A Matrix A contains only few nonzero elements.
A Storing all entries results in large overhead (memory & computation).
A |dea:Store only nonzero elements [nz] explicitly.

Need to also store location of nonzero elements!

(54 11 0 0 0 0\ Memory footprint of COO format:

22 83 0 37 1.3 3.8 nz(val) + 2*nz(int)
A_| 0 0 42 0 o0 0 _
=l 54 0o 0 92 0o o Memory footprint of CSR format:
0o 0 0 0 11 0 nz(val) +nz(int) + (n+1) (int)
\ 0 0 0 0 0 81)
value=| 54 1.1 22 83 37 13 38 42 54 92 1.1 81 ] Value
colidx=| 0 1 5 Columnindex
( <
rowptr— 8 11 @ ] Points to the first element in each row

Number of nonzero elements
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CSR format Input A, x,y Outpyt= A - x

A MatriXA Cor.a.,‘:.,.,\ PR N SR PR
A Storllng all e Handson Exercise: Convert this matrix into CSR format:
A ldea:Store o
Need t
(0 0 0 4 2 o\ |
0 2 3 0 0 1 D format:
O 0 0 0 0 O
1 2 3 4 3 1 R format:
0O 2 0 0 0 1 (int)
\ 12300 1)
value=1[ 5
colidk = 0
Compute the memory requirement (# vals + # int)

rowptr = 0 2 7 8 10 11 @ ] Points to the first element in each row

Number of nonzero elements
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CSR format Input A, x,y Outpyt= A - x

A MatriXA Cor.a.,‘:.,.,\ PR N SR PR
A Storllng all e Handson Exercise: Convert this matrix into CSR format:
A ldea:Store o
Need t
( 0 0 0 4 2 0 \ |
0 2 3 0 0 1 D format:
O 0 0 0 0 O
1 2 3 4 3 1 R format:
0O 2 0 0 0 1 (int)
\ 12300 1)
value=1[ 5
colidk = 0
Compute the memory requirement (# vals + # int)
17 vals + 24 int

rowptr=| 0 2 7 8 10 11 (12) ] Points to the first element in each row

Number of nonzero elements
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CSFSpMV InputA,x,y  Outpyt=A -z

How to parallelize this?

(5.4 1.1 0 0 O 0\

22 83 0 37 13 38
| 0o 0 a2 0 0 o0
54 0 0 92 0 0
0 0 0 0 11 0
\ 0 0 0 0 0 81)
value=[ 54 11 22 83 37 13 38 42 54 92 L1 81 | Value

colidx = 0 1 0 5 2 0 3 4 5 ]

1 3 4
\ ‘ﬁ<< ))/)
0 2 7

rowptr = 8 10 11 12 | Rowpointer

Columnindex
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CSFSpMV Input A, x,y Outpyt= A - x

A Parallelize by rows:
A9OBSNE GUKNBIFRE KIFIYyRfSa 0KS O2YLlzil dAzy 27

access to access to
Input vector x output vector y
T1 [ 54 1.1 O 0 0 0 \ T1
T2 22 83 0 3.7 1.3 3.8 : T2
T3 0 0 42 0 0 0 * ; _ T3
T5 0 0 0 0 11 0 ) T5
[T6 \ 0 0 0 : T6
value=1] 54 1.1 /22 83 3.7 1.3 338 ] Value

colids=[ 0 1.0 1 3 4
= N ——
0 2 7

rowptr =

D ] Columnindex

8§ 10 11 12 | Rowpointer
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CSFSpMV InputA,x,y  Outpyt=A -z

A Parallelize by rows:
A9OBSNE GUKNBIFRE KIFIYyRfSa 0KS O2YLlzil dAzy 27
A Significant workload imbalance!
A Can not store the matrix in GMajor format for coalesced access!

access to access to
Input vector x output vector y
T1 [ 54 11 O 0 0 0 \ T1
T2 22 83 0 3.7 1.3 3.8 : T2
T3 0 0 42 O 0 0 * ; _ T3
T5 0 0 0 0 11 0 ) T5
16\ 0 0 0 T6
value=1] 54 1.1 /22 83 3.7 1.3 338 ] Value

colidx =[ 0 1 0 1 3 4
= N ——
0 2 7

rowptr =

D ] Columnindex

8§ 10 11 12 | Rowpointer
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CSFSpMV Input A, x,y

for ( row=0; row<n; row++)
{
sum = 0.0;
for (j= rowptr [row];j< rowptr [row+1];  j++)
sum += values [j]*X| colind [j] J;
y[ row ]= alpha * sum;
}

Storing values and columns in remajor.
-> On GPUs: netoalesced memory access

gg

'y v
\

I

/
—_— />
>

row-ptr col-indices

SC25 Performance Engineering for Sparse Linear Solvers
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CSFSpMV Input A, x,y Outpyt= A - x

for( row=0; row<n; row++ )
{
sum = 0.0;
for( j=rowptr[row]; j<rowptr[row+1]; j++)
sum += values[ j ] * X[ colind[j] ];
y[ row ] = alpha * sum;
}

Storing values and columns in remajor.
-> On GPUs: netoalesced memory access

///F

/
y b g

row-ptr col-indice

' v vy

Can we use colummajor?
-> Only if all rows contain the same number of nonzero elements
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CSFSpMV Input A, x,y

for( row=0; row<n; row++ )
{
sum = 0.0;
for( j=rowptr[row]; j<rowptr[row+1]; j++)
sum += values[ j ] * X[ colind[j] ];
y[ row ] = alpha * sum;
}

Storing values and columns in remajor.
-> On GPUs: netoalesced memory access

' v vy
L]

|
y b g

row-ptr col-indice

Can we use colummajor?
-> Only if all rows contain the same number of nonzero elements

SC25 Performance Engineering for Sparse Linear Solvers
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ELL Format Input A, x,y Outpyt= A - x

(5.4 1.1 0 0 0 0 \
22 83 0 3.7 13 38
0
5.4
0

\ 0

4.2 0 0 0
0 92 0 0
0 0O 1.1 O

o O OO
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ELL Format Input A, x,y Outpyt= A - x
‘Lefth £t A3y y2y1 SN St SYSyidao

54 <H—6—6—6 0 )
2.2 «8:3—0—37—+3 3.8
0 «—6—43—6—=8 O
A=| 54«0—0—92—0 0
0 ~6—6—6—+ 0
\ 0 ~0—6—6—6 8.1
(54 11 0 0 0 0] (001 — — — =
22 83 3.7 1.3 38 0 0 1 3 4 5 —
42 0 0 0 0 0 2 — — — — -
54 92 0 0 0 0 0 3 — — — -
110 0 0 0 0 4 - - - - -
81 0 0 0 0 0| T —
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ELL Format

SC25

Leftl f
54 et OO0
2.2 «83—0H—37—13
0 «90—42 o9
5.4 4+—f——{—-—-2—(
0 P N N N | 1
- \) \VJ \VJ 1.1
K 0 g N N N N
RV V) |V} V)

Input A, =, y Outpyt= A - x
Ady y2y1T SNB SftSYSyidaoQ

0
3.8 \
0

0

0
8.1

(5.4 1.1 0 0 0
22 83 3.7 13 3.8

42 0 0 0 0
54 9.2 0 0 0
1.1 0 0 0 0
8.1 O 0 0 0

—_ =

SO OO OO

U O N OO
w
|
|
|
|

Performance Engineering for Sparse Linear Solvers

Pad rows to uniform length

Memory volume:
values:max_nnz_row num_rows
cokindex:max_nnz_row num_rows
No row pointer
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ELL Format

SC25

54 1.1
2.2 8.3

0
5.4

o O OO

0 0 0 0 \
0 3.7 13 3.8
4.2 0 0 0
0 92 O 0

1.

0 11 0
0 0 0 81)

0
3 3.8

SO OO OO

o O O O

Ol = © DN O O

—_ =

w

Input A, =, y Outpyt= A - x

Pad rows to uniform length

Memory volume:
values:max_nnz_row num_rows
cokindex:max_nnz_row num_rows
No row pointer

Performance Engineering for Sparse Linear Solvers 54



ELISpMV InputA,x,y  Outpyt=A -z

54 1.1 0 0 0 0 \

22 83 0 3.7 13 38
A 0 0 42 0 0 0
54 0 0O 92 0 0
0 0 0 1.1
\ 0 0 0 0 0 81)
Tl q.4 A.l /f ﬂ/l) 010 [JO 1 — — —|— | Pad rows to uniform length
12 42 4.3 A7 3 3.8 0 0 1 3 4 5| —
T3 1> 0 R —— Memory volume:
EEEQ.].‘I“ 0 values:max_nnz_row num_rows
, 0 cokindex:max_nnz_row num_rows
No row pointer
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ELLSpMV

54 1.1

0
0
4.2

Input A, =, y

00 0 )
3.7 1.3 38
0 0 0
9.2 0 0
0 11 0
0 0 81 )

Outpyt= A - x

Pad rows to uniform length

Memory volume:
values:max_nnz_row num_rows
cokindex:max_nnz_row num_rows
No row pointer

4
T6 00 B — — | —

value = [ 5.4 2.2 1.1 8.3 0.0 9.2 0.0 0.0 0.0 3.7 0.0 0.0 0.0 0.0 0.0 1.3 0.0 0.0 0.0 0.0 0.0 3.8 0.0 0.0 0.0 0.0 ]

colidx = | 0 | 0 1 1 — 3 — — — 3 — — — — — 4 -

SC25
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ELISpMV InputA,x,y  Outpyt=A -z

54 1.1 0 0 0 o\ |
22 83 0 3.7 13 38 Ne |

A | 0 0 42 0 0o 0 .
54 0 0 92 0 0
0 0 0 11 0
\ 0 0 0 0 0 81)

Pad rows to uniform length

Memory volume:
values:max_nnz_row num_rows
cokindex:max_nnz_row num_rows

T6 0.0 — - — — | — Nno row pointer
value = [ 5.4 2.2 1.1 8.3 0.0 9.2 0.0 0.0 0.0 3.7 0.0 0.0 0.0 0.0 0.0 1.3 0.0 0.0 0.0 0.0 0.0 3.8 0.0 0.0 0.0 0.0 |
colidx =/ 0 0 11 - 3 - - -3 - - - -4 - - - — -5 ——= = —]

Coalesced access
Can be wasteful (overhead)
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ELISpMV Input A, x,y Outpyt= A - x

|

22 83 0 3.7 13 38

O N A D N N N

(54110000\

5.4

Lo

Handson Exercise: Convert this matrix into ELL format:;

T1 | 3.4 ( 000 4 20 \ m length
T2 2 0 2 3 0 0 1
D2 000 00O
E rowf num_rows
~ 1 2 3 4 3 1 Z_row num_rows
T6 0 2 0 0 0 1
\1 2 300 1)
value = [ 5.4 2.2 0.0 0.0 |
colidx = 0 O[ - — ]
Compute the memory requirement {#als+ # int)
yverhead)
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ELISpMV Input A, x,y Outpyt= A - x

|

22 83 0 3.7 13 38

O N A D N N N

(54110000\

5.4

Lo

Handson Exercise: Convert this matrix into ELL format:;

T1 | 3.4 ( 000 4 20 \ m length
T2 2 0 2 3 0 0 1
LER 0 000 0 O
T T4 | A4 row’ num_rows
15 E. I 2 3 4 3 1 Z_row num_rows
T6 0 2 0 0 0 1

\1 2 300 1)

0.0 0.0 ]
- =]

value = 5 4 2.2
colidk =00

—

Compute the memory requirement {fals+ # int)
36 vals + 36 int wverhead)
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SlicedELL Format InputA,z,y  Outpyt= A -z

A Partition the matrix into blocks & use ELL for the distinct blocks.
A Reduce overhead of ELL.
A Can still store camnajor.

(5.4 .1 0 0 0 O \
22 83 0 3.7 1.3 3.8

L | 0o 0 a2 0 0 o
54 0 0 92 0 0
0 0 0 0 11
\ 0 0 0 0 0 81)
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SlicedELL Format InputA,z,y  Outpyt= A -z

A Partition the matrix into blocks & use ELL for the distinct blocks.
A Reduce overhead of ELL.
A Can still store camnajor.

/(54 11 0 0 0 0 \

Blocko
22 83 0 3.7 1.3 38 o _ 18 3.8
0 0 42 0 _0_ 0

[ 54 0 0 92 0 0 |
O 0 0 0 1.1
0

0 Block2
| \ 0 0 0 o 81/ 1

(@)

W~

—

-, O
I

Block1l

s
(\)
\@)
1

—
—_

€=

I
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SlicedELL Format InputA,z,y  Outpyt= A -z

A Partition the matrix into blocks & use ELL for the distinct blocks.
A Reduce overhead of ELL.
A Can still store camnajor.

/(54 11 0 0 0 0 \
Blocko
22 83 0 3.7 1.3 38 o _ 18 3.8

0 0O 42 0 0 0 [ 419
| 54 0 02 0 0 1 | [Block 5%42]
0 0 0 L1 2

0
I T 0 000 817 ] [Pl [8'1]

(@)

W~

—

-, O
I

-}

el (aw}

value = [[5.4 2.2 1.1 8.3 0.0 3.7 0.0 1.3 0.0 3.8} 4.2 5.4 0.0 9.21.1 8.1]
coidxk=J0 0 1 1 - 3 — 4 — 5412 0 — 3p4 5

SC25 Performance Engineering for Sparse Linear Solvers 62



SlicedELL Format InputA,z,y  Outpyt= A -z

A Partition the matrix into blocks & use ELL for the distinct blocks.
A Reduce overhead of ELL.
A Can still store camnajor.
A Need for a row pointer.

/(54 1.1 0 0 0 0 \ [ 514 11
Block
22 83 0 3.7 1.3 338 ocKd _ 1
0 0 42 0 0 0 [ 419
— [ 54 0 0 92 0 o0 | | [P 5&442]
00 _0 0 TI 0 -
: Block?2 111
slicedELL format : | \ 0 0 0 0 0 81/ | [8'1]

value = [[5.4 2.2 1.1 8.3 0.0 3.7 0.0 1.3 0.0 3.8} 4.2 5.4 0.0 9.21.1 8.1]

coidxk=[0 0 1 1 - 3 — 4 — 542 0 — 3p4 5
A_ D)
N << Slice matrix into blocks, store blocks in
rowptr=[0 10 14 16 ] ELL format with offsgpointer.
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SlicedELL GeMV InputA, =,y Outpyt= A -z

Handson Exercise: Convert this matrix into Sli¢€ld_ format (SE2).

/ |

_o = O O O
DO DN O DN O
w O W O W o
S O = O O =
OO WO O
—_= = O = O

Compute the memory requirement {fals+ # int)




SlicedELL GeMV InputA, =,y Outpyt= A -z

Handson Exercise: Convert this matrix into Sli¢€ld_ format (SE2).

/ |

_o = O O O
DO DN O DN O
w O W O W o
S O = O O =
OO WO O
—_= = O = O

Rowptr : 0 6 18 26
Compute the memory requirement {fals+ # int)
26 vals +26+4int




SlicedELL GeMV InputA, =,y Outpyt= A -z

A How can we optimize this? Minimize the overhead? What is the overhead dependent on?
A Bring rows with similar number of nonzero elements into the same block.
A{2NIl NRga o0& aGfSy3aiKé YR NBRINRSNI 0KS YI (N

Software and High-Performance Computing

A Unified Sparse Matrix Data Format for Efficient General Sparse
Matrix-Vector Multiplication on Modern Processors with Wide SIMD
Units

Authors: Moritz Kreutzer, Georg Hager, Gerhard Wellein, Holger Fehske, and Alan R. Bishop AUTHORS INFO & AFFILIATIONS

https://doi.org/10.1137/130930352

A What happens for blockize 1?
A What happens for block size n (matrix size)?



SpMVFormats and Kernels InputA,z,y  Outpyt= A -z

a5AFTFSNBYU |SNYySfta 2LW0AYEFE F2N RAFISMEYG LINROf

COO
A can compensate workload imbalance for irregular patterns
A Efficient for MIMD processing LRSS i
A Strong support for atomics needed N

CSR

A small memory footprint

A Needs some logic for roarallel processing
A Efficient for MIMD processing

ELL

A Efficient for balanced matrices
A Enables ceinajor storage

A Efficient for SIMD processing

SELic
A Enables ceinajor storage
A Tunable between CSR and ELL
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SpMV(CSR)

Roofline

for (int row = 0; row < num_rows ++row) {
double sum = 0.0;
for (int k = row ptrs [row] ; k< row_ptrs [row + 1]; ++k)
sum += mat_values [K] * b[col idxs [K] ];
X[row] +=sum;

Optimistic intensity: }
O i C 6:3"(1 _ §4
P bgmw byu "
P &
obpTIY btk " >" _H . i
p & /3
okt bTK) " <
I p&
o
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;erformance
3
>

w22 TFTFRYSdzZBBMY &

Reasons for performance not attaining the limit

1. Intensity lower than the minimum niensiy
AMore RHS traffic than the optimistic limit—" )&
2. 0{f 26 O2RSE
AGAYOAEaEAOE SE LISNF2NXIFYOS OSAftAYy3 RdzS
execution

3. Load imbalance
AA single process/thread cannot saturate the memory bandwidth

4. Erratic memory access patterns for RHS
ALatency dominates




Experiences witBpMVon GPUs

Abso~lute CSR limit for

Looking at ~3,000 test matrices from Suite Sparse Matrix Collection w 04" TO
H100 ginkgo SpMV
« HI100 csr
102 + H100 coo
- H100 ell
101_
o 10°:
o
o
0
0 107!
102 '
l'a"
o
1073 0
101 103 105 107 109
#nonzeros
70
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HandsOn:

SpMVbenchmarking



Solving Sparse Linear Systems

2 Keé ¢S 2FuSY R2y QU dzaS RANBOUO az2f OSN&E
Characteristics and optimization of iterative solvers

Preconditioning using Matrix Polynomials



Can we use direct solvers for solving sparse problems?

(54 11 0 0 0 0\ Scalar or block-LU?
22 83 0 37 13 38

0O 0 42 0 0 0 : L
?
54 00 0 92 0 0 Are zeros preserved in the factorization”
O 0 0 0 1.1 0 . . . -
\ 0 0 0 0 0 81 ) Can we store the fill-in?
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Can we use direct solvers for solving sparse problems?

0
5.4
0

\ 0

600

700 [

SC25

( 54 1.1
2.2 83

o O OO

0
0
4.2
0
0

0 0 0
3.7 1.3 3.8
0 0 0
92 0 0
0 1.1 O
0 0 8.1

)

o
90000000000

Scalar or block-LU?

> ¢
)© 0000000000
0000

Are zeros preserved in the factorization?

Can we store the fill-in?

LU

0 100 200 200 400 500 &00 TO0O
nz = 42051
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Iterative Solvers

Generate a sequence of solution approximations with increasing approximation quality.

~
=

wnownaownownkE

SC25



Iterative Solvers

~

Generate a sequence of solution approximations with increasing approximation quality.

wnownaownownkE

Relaxations

A Base on matrix splitting
A Jacobi relaxation:

Ax =b

(L+D+U)x=b
Dr=b—-(L+U)x
t=D"1'b—-D Y L+U)x

¢t = D7 — D71 (A - D)z*

A Matrix-Vector Prod. & Vector Ops
A Low arithmetic intensity

Performance Engineering for Sparse Linear Solvers 77
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Iterative Solvers

~

Generate a sequence of solution approximations with increasing approximation quality.

wnownaownownkE

Relaxations Krylov Subspace Methods
A Base on matrix splitting A lteratively grow Krylov subspace
A Jacobi relaxation: O BR) i n ED D IR 1)
Ax =b o .o
(L+D+U)x=b L Ouv Ouv OE A
Dr=b— (L+U)x A Approximate solution

r =D D YL+ U)z in Krylov Subspace

¢t = D7 — D71 (A - D)z*

A Matrix-Vector Prod. & Vector Ops A Matrix-Vector Prod. & Vector Ops
A Low arithmetic intensity A Low arithmetic intensity
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Iterative Solvers

~

Generate a sequence of solution approximations with increasing approximation quality.

wnownaownownkE

Relaxations Krylov Subspace Methods Multigrid Methods
A Base on matrix splitting A lteratively grow Krylov subspace A Recursively project problem to
A Jacobi relaxation: o BR) i f c@sﬁ) o 18 B i} coarser grid and solve on coarser
grid
Ax =0b o2 . s . s o=
(L+D+U):c:b L OV Ov OE~A The Muttigrid
—_— -cycle
Dr=b—(L+U)x A Approximate solution
r =D D YL+ U)z in Krylov Subspace = g
xk—i-l — D_lb _ D_l(A _ D)xk U Flrie; TV \I\f;l
A Matrix-Vector Prod. & Vector Ops A Matrix-Vector Prod. & Vector Ops A Matrix-Vector Prod. & Vector Ops
A Low arithmetic intensity A Low arithmetic intensity A Low arithmetic intensity
79
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Iterative Solvers

Generate a sequence of solution approximations with increasing approximation quality.

~
=

Roofline Model ) r] (l) r] (L) r] E
Relaxations Krylov Suk lethods
. Core peak (DP)
A Base on matrix splitting A lterativel é ely project problem to
A Jacobi relaxation: C e Irid and solve on coarser
b (oh) =&
Ax =0b L f;
(L+D+U)x=5» L 00 *© BLAS 3 TS MG
-cycle
Dr=b— (L+U)x A Approxin e
xr = D_lb — l)_1 (L + U)ZE‘ In KryIOV Arithmetic Intensity [FLOP / value] - I,:I g
L= P ]
xk+1 - D_lb - D_l(A - D)xk F/rs;;crld -
A Matrix-Vector Prod. & Vector Ops >A Matrix-Vector Prod. & Vector Opgz A Matrix-Vector Prod. & VectorO?
&w arithmetic intensity ‘A Low arithmetic intensity A Low arithmetic intensity
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Example: Conjugate Gradients (CG)

Krylov Subspace Methods

A lteratively grow Krylov subspace

K;(A,r) = span {r, Ar, Ar, ..., A" 'r}

KO C K]_ C Kz C ”_R?l
A Approximate solution
in Krylov Subspace

A Matrix-Vector Prod. & Vector Ops
A Low arithmetic intensity

Optimal Krylov solver for symmetric and positive definite (SPD)

matrices
Requires storing only four additional vectors

input: A, b, xq, ttmas

o — b — A.CU()
Po = To
for £ =0, xx it mar dO
Ty Tk
oY p—
k pi Apy

Thkt+1 = Tk + OEPE

Tk+1 =Tk — OékApk

/6 _ ?“,::+17°k+1
k Tg?"k

Pk+1 = Tk+1 + BrPk
end for




Preconditioning lterative Solvers

Transform linear problem by multiplying both sides
with0 O such that iterations converge faster.

SC25



Preconditioning lterative Solvers

Transform linear problem by multiplying both sides 0w
with0 O such that iterations converge faster.

Iterative solver as preconditioner

A Multigrid .
Aldacobi O ow O w

A Block-Jacobi

A Sparse Approximate Inverses

A Matrix-Vector Prod. & Vector Ops
A Low arithmetic intensity

SC25
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Preconditioning lterative Solvers

Transform linear problem by multiplying both sides 0w
with 0 O such that iterations converge faster.

Iterative solver as preconditioner

A Multigrid

AJacobi O 0 O o

A Block-Jacobi

A Sparse Approximate Inverses

A Matrix-Vector Prod. & Vector Ops
A Low arithmetic intensity

Incomplete Factorizations

A Compute LU factorization with
restricted fill-in

x
x

XX XXX

X
X

x
x
x x
X X

A Replace triangular solver with
iteratively solving factors

X

0ftw ® Yo o
A Matrix-Vector Prod. & Vector Ops
A Low arithmetic intensity

SC25
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Preconditioning lterative Solvers

Transform linear problem by multiplying both sides
such that iterations converge faster.

withd 0O

b DOWODWLE O
— —
o) R

Iterative solver as preconditioner

A Multigrid

AJacobi O 0 O o

A Block-Jacobi

5o
A Sparse Approximate Inverses

A Matrix-Vector Prod. & Vector Ops
A Low arithmetic intensity

Incomplete Factorizations

A Compute LU factorization with
restricted fill-in

x
x
X
x

XX XXX

x
x
x x
X X

A Replace triangular solver with
iteratively solving factors

X

0ftw ® Yo o
A Matrix-Vector Prod. & Vector Ops
A Low arithmetic intensity

Polynomial preconditioners

AcChoose 0 U 0

A Matrix-Vector Prod. & Vector Ops
A Low arithmetic intensity

SC25
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Preconditioning lterative Solvers

Transform linear problem by multiplying both sides

withd 0O

Iterative solver as preconditioner

A Multigrid

AJacobi O 0 O o

A Block-Jacobi

=28
A Sparse Approximate Inverses

& Matrix-Vector Prod. & Vector Ops
A Low arithmetic intensity
\

Incomplete

A Compute
restrictec

XX XXX

A Replace

such that iterations converge faster

Performance [FLOP/s]

iteratively sowvingracrors

0tw @ Yio w

Roofline Model

Core peak (DP)

BLAS 3

DO WO WY
— —
o) W

| preconditioners

0O 0 U

(O L 0)

Arithmetic Intensity [FLOP / value]

0

—

——

A Matrix-Vector Prod. & Vector Opgz A Matrix-Vector Prod. & Vecto

A\Low arithmetic intensity A Low arithmetic intensity

r Ops

/

SC25
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Optimizing lterative Solvers & Preconditioners

1. Optimizing the matrix vector product as common building block

A Optimization of sparse data format and processing scheme

SC25

I ginkgo_coo [ ginkgo_csr [l ginkgo_ell [l ginkgo_hybrid
-Zgié"lkgoisellp I cusparse_coo ] cusparse_csr ] cusparse_gcsr2

200

150

GFLOP/s

100

50

@,(0?

o,

#nonzeros

Performance Engineering for Sparse Linear Solvers
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Optimizing lterative Solvers & Preconditioners

1. Optimizing the matrix vector product as common building block

A Optimization of sparse data format and processing scheme

2. Cache-Aware implementation

A Merging of Operations into super-kernels to reduce the memory access

SC25

BiCGStab Krylov solver (van der Vorst, 1992)
1.r=b—Axy
2. Choose an arbitrary vector £ such that (7, rg) # 0, e.g., Ffy = rg
A pp=a=wg=1
4.vp=pp=10
5 Fori=1,2,3,...
1.p;=(Fg, ri-y)
2. f = (pipi—1 Na'mi—y)
3.pi=riy T B(pio — @i 1vin1)
4. v;=ap;
5. a = pi/(Fo, v7)
B.5=ri) —av;
7.1=As
8. w;= (1, 5)t, 1)
9.xi =X +ap; +ws
10. If x; is accurate enough then quit

MNr=5—wt

Pk := Ik—1 + B (Pk—1 — Wk—1Vk—1)
' cuBLAS

cublasDscal( n, beta, p, 1 );
cublasDaxpy( n, omega * beta, v, 1, p, 1);

cublasDaxpy(n, 1.0,r,1,p, 1);

3 kernels - 5n reads, 3n writes

' merge in one kernel

p_update( int n, double beta, double omega,
double *v, double *r, double *p ){

int i = blockldx.x * blockDim.x + threadldx.x;
if(i<n )

pli] = rfi] + beta * ( p[i]-omega*V[i] );

1 kernel - 3n reads, 1n writes

mance Engineering for Sparse Linear Solvers

Performance on a NVIDIA K40 GPU.

25

MERGE
CUBLAS
20 /
{
A
w 15 f
o ¥
=] 4
{uj 1
10 |+
f
}
|
5 I
1§
0
0 100 200 300 400 500 600 70O 800 900 1000
vector length n in 10°3



Optimizing lterative Solvers & Preconditioners

1. Optimizing the matrix vector product as common building block

A Optimization of sparse data format and processing scheme

2. Cache-Aware implementation

A Merging of Operations into super-kernels to reduce the memory access

3. Replace memory access with additional computations

A Mixed Precision algorithms using low precision in parts of the computations

high precision
The Multigrid
V-cycle

A Matrix Powers Kernel and cache blocking

(. low precision

First Coarse Grid :]
\
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HandsOn:

ConjugateGradient Solver



Cache Blocking for the Matrix Power Kernel



Motivation ¢ SparseéMatrix VectorMultiplication

A Easyto parallelizebut sparsdrregulardatastructures/ accesses

A SpMVPerformanced A StronglyMemoryBound(highcodebalanceé
C(3) C(:) A(:,) B(:)

||+ |

SC25 Performance Engineering for Sparse Linear Solvers
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Motivation ¢ Matrix power kernel (MPK)

A Calculateto 0 ® y[O] y[1] y[2] y[3]
A Repeatedhyperform backto backSpMVs

for k=1:p; do SpMV SpMV SpMV

y[k] = SpM\M(A, ylk-1])
done

W 0w 0 W 0 W
Same matrix loadedr) times from main memory!!!

How to cache the matrix across the matrix power calculation?
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Matrix powerg Traditional approach vs. Cache Blocking

RACE approach

\

NN

Matrix accessed 1 time from memory

Howto do that in generalfor sparsematrices?
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SpMV¢ Graph Traversakk RACE

®

RACI &0
R
» @

Hardware Friendly Coloring DO O

SC25 Performance Engineering for Sparse Linear Solvers
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Samplanatrixandits graphrepresentation

Symmetric Matrix Undirected Graph
%, T ©) {ON D)o, (O}
o [* %ﬁi‘ ii%*i I p Tl : @l 0 = Z Ay v D
ﬁiii %’f}: é.‘i%*ki yu - u,v<~v -

30

50

60
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Samplanatrixandits graphrepresentation

20

30

40 r

50

60

Symmetric Matrix

Undirected Graph

@)

(S

)
)

=l

o

e B Fhey
fy, $$§$ fy,
By, R T
", $$$$§ y,
S R TH,
%
iiii iiigi iiii
S My, NS QRN
§ ¥ §
H, %% H, ‘
', % fy _ 24 @ 26 27 28 29 30 31
@ii% %%% 5y i% ‘ ‘ ‘ ‘ ‘ ‘ ‘
S YR TR,
§
" Ty TNININININININT
e, Bt R,
iy 9\9\@\‘9\@\ \@\@
e R
0 10 20 30 40 50 60 0 A3 \Y)
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RAC
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\
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RAC
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—
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RACET Level traversal and matrix powers

No cacheblockingd

do k =1,p
y( k)= SpMMIA, y(k -1))
enddo Levels

0000000 X ®©0 354

Matrix Powers
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RACET Level traversal and matrix powers

do k =1,p
yG k)= SpMVUA, y(k -1))
enddo Levels
Do Nutethe cacheA reuseallloadedelements
VYRV eh K 3K —E~ s
@)@ e O @ @2, ! @5 0 W
2 | A R B
D | : | ] a | | | N |
: N T O ARV R B
= | L N N X | | ] | 0 W
= | | | B B & | | R |
T | | L L ¥ | | L | N (L
2 l\_'_ll l\_'_ll I\__/I I\——}II\——}I I\——jI I\——jI O OJ

Whenupdatinglevel 1, indirectreadsalsogoto level2
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RACET Level traversal and matrix powers

L evels
|
|
|
|
|
|
|
|
|
|
J

-1))

y(:,k

SpM\( A,

K) =

y(,
enddo

do k =1,p

S1amod XUren

Whenupdatinglevel2, indirectreadsalsogoto levelsl and3

102
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RACET Level traversal and matrix powers

do k =1,p
y( k)= SpMMIA, y(k -1))
enddo Levels

00 0
°0

é/ 5 0

SC25 Performance Engineering for Sparse Linear Solvers 103

Matrix Powers




RACET Level traversal and matrix powers

do k =1,p
y( k)= SpMMIA, y(k -1))
enddo Levels

0000
000
o0

Matrix Powers
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RACET Level traversal and matrix powers

do k =1,p
y( k)= SpMMIA, y(k -1))
enddo Levels

- 0 W
(€D)
3 ‘
S 0 W
X
© 0O W
=
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RAC:= MPK implementation idea

O W
| 0 W
Power 2 computation on
level 5
O W
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RACE T Input parameters and its influence

Levels

. 000000 6 0
(b
5 ‘
: 00 0 5 6
S
: 00
=

A is loaded only once if 0 (0) avg.nonzerosin a level
M p) 0O ) P Qytes O 0 cache size
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Matrix power kernel: Performancdntel Ice Lake

Intel Xeon Platinum
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Matrix power kernel: Performancdntel Ice Lake

Intel Xeon Platinum
8368 (Ice Lake)

A 38 cores

Avg. Speedup

A 104 MB cache
(L2+L3)

¥ Baseline ! RACE
4
N
&EN)
\g-“ §
N
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4 4
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e
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m RACE m Baseline
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Matrix power kernel: PerformanceAMD Rome

AMD EPYC 7662

A 64 cores

A 288 MB cache

Avg. Speedup

(L2+L3)

¥ Baseline | RACE
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RACEsummary

A Innerkernet OpenMPparallelstandardSpMVroutine
A Overhead: BFS & Sgb of datastructures(approx v pMVSs)
A Parameters: Powep(,), AvailableCache Size, Masecursiondepth

A Cachesizea A max. polynomiatlegree(p,,)
A Largercachesh largerp,A better performance
A Polynomialdegreehigherthanp,A Computationin chunksof p,,

A Nolossof accuracy
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RACE MPKapplications

A ExponentialntegratorsA Polynomiabpproximations
A s-stepKrylovmethods(CAGMRES)

A Polynomiabreconditioning

A Algebraidviultigrid smoothers

International Journal of

HIGH PERFORMANCE
COMPUTING APPLICATIONS

Research Paper

The International Journal of High
Performance Computing Applications

Algebraic temporal blocking for sparse 204, Vol 00 1-2

© The Author(s) 2024

iterative solvers on multi-core CPUs

Article reuse guidelines:
sagepub.com/journals-permissions
DOI: 10.1177/1094342024 1283828
journals.sagepub.com/home/hpc

Christie AlappatI , Jonas Thies?, Georg HagerI , S Sage
Holger Fehske' and Gerhard Wellein''*?

https://doi.org/10.1177/10943420241283828
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Using RACE

#include <RACEihterface.h >

RACE:dist k =RACE::POWER;
Nt = omp_get_num_threads ();
RACE::Interface race (Nr, Nt, k, rowPtr , col);

/[power value; here 4

int pm=4;

/[lcache size in bytes; here 30 MB
double C =30*1024*1024;

/lperform pre - processing, find levels
race.RACEColor (pm, C);

int  *perm, * invPerm , permLen=Nr;
race.getPerm (&perm, & permLen) ;
race.getinvPerm (&invPerm, & permLen) ;
/[permute matrix and vector data structures
permute (perm, invPerm) ;

Preprocessing

struct  functionArg

{

/luser - defined struct for input and output
/larguments of the call - back function

int Nr;
i
/luser -defined call - back function
void foo( int row_s, int row_e, int pow, void * voidArg )
{
functionArg * arg =( functionArg *) voidArg ;
}
functionArg * args =new functionArg ;
/il args

args - >Nr = 1000;

void* voidArgs = (void*) args;
int  foo_id = race.registerFunction (&foo, voidArgs , pm);
race.executeFunction (foo_id );

Processing
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Neumann polynomial apply

/’
Cache blocking

6 (0 ) 6(0 VO < o 00

Cache blocking

N~

Can we do better?
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Neumann polynomial apply

: N Cache blocking
6 (00 B8(0 ™Y <

Total power x Q p

SC25 Performance Engineering for Sparse Linear Solvers 116



Time to solve Laplace2000x2000 tod wlerance on 1 NUMA domain (18c) of Intel Ice lake (Fritz)

% Solve time zz % zz % zz %
o E 10 / 10 / 10 /
Solution is random 0 é O % 0 %

k=2

i}
o =
>~
[
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Time to solve Laplace2000x2000 tod wlerance on 1 NUMA domain (18c) of Intel Ice lake (Fritz)

. | > W 2 ? 25 /%
% Solve time @20 % - % | " %
Init time £15 % 15 % ? 15 % %
o B N S N
Solution is random z Z (5) % Q z % Q
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MPKC¢ existingcachingapproaches

A Huber et al.: Grapthased higheorder time integration of PDEs
AadDS2YS G NR O bdsed boriLdiaiN2banaviddth

A Works for 2D stencil matricés Runs into problem for 3D and/or unstructured
matrices

A Mohiyuddinet al.: Minimizing communication in sparse matrix sol¥ers
AGS52YFAY RSO2YLIaAlA2yé 2F dzy RSNI é Ay 3
AwS |j dzA NB & Adiiike’t adtesseésdoé redundant copies of the matrix enthjes

Scalability!!

A Exploit level structure in RACE for cache blocking! RAC

IHuber et al., 2021. Grapbtased multicore higherorder time integration of linear autonomous patrtial differential equation€amput SciDOI:10.1016/jocs.2021.101349
2Mohiyuddin et al., 2009. Minimizing communication in sparse matrix solvers. In Proceedings aD& ST 10.1145/1654059.1654096
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RACE MP&First Implementation

Perf (GFlop/s)

40| [+~ Baseline (pn—4)
35|+ Lb (i
50| [ ECM (p,=1)
2IspMv
o L Roofline
15|
10|
5|
0

0 5 10 15
Active core

Performance

SC25

20

- SpMVRoofline

MPK
Roofline

B [bytes/flop]

Memory traffic

Performance Engineering for Sparse Linear Solvers

Intel Xeon Gold 6248
A 1 Socket (20c)

pwtk matrix
A0 217,918
A0 =11,634,424
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RACE MP&Performance Problerdentified

A Schemeseemsto work (reducesdatatraffic) ¢ at leastfor pwtk
A But: Performance. !

A Analysif hardwareperformancecounters(LIKWIDjor pwtk matrix
INSTR_RETIRED_ANY up 2xfor levelbasedSpMV

A Frequentthreadsyncronisations

ReasonAftereachlevelthreadssynd

Measures
A Reduceilevelshy levelaggregatiorp ld3x 0
A Globalsync replacedby point-to-point syned p2pa

14

U
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RACE MP&LGoptimization

Perf (GFlop/s)

400 . Baseline

——LB

30| =« LB+LG
--- ECM

30

25 spMmv
o0 .Roofline

—
-
I

0 5 10 15
Active core

Performance

SC25

20

B [bytes/flop]

Memory traffic
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Intel Xeon Gold 6248
A 1 Socket (20c)

pwtk matrix
A0 217,918
A0 =11,634,424
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RACE MPKLG+p2mptimization

Perf (GFlop/s)

400 . Baseline
——LB

30| =« LB+LG
—+ LB4+LG+p2p
30| --- ECM

25| spMV
o0 Roofline

—
-
I

0 5 10 15
Active core

Performance

SC25

20

B [bytes/flop]

Memory traffic

Performance Engineering for Sparse Linear Solvers

Intel Xeon Gold 6248
A 1 Socket (20c)

pwtk matrix
A0 217,918
A0 =11,634,424
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Outlook: DistributeeMemory SpMV

Slides courtesy of Dane Lacey, NHR@FAU



SpMVExample

3 5 3 1 0
2 1 1 1 3 0

1 5 5 2 0

A= 1 1 «— | 8 y=|0
2 9 2 9 0

4 1 3 2 0 0

7 3 1 0

1 2 1 0
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SpMVExample

SC25
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© = O01 =
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/7 3
1 2
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DistributedSpMVExample

e o o - - - - - - ———

e o o - - - - - - ———

e o o - - - - - - ———

e o o - - - - - - —— -

SC25

_______ '3 5 3
2 1 1
1
B
4 1

¢KS E @SO0(2N) Aa
reduce redundant data across ----
processes
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DistributedSpMVExample

______________________________________________________________________________________________________________________________

______________________________________________________________________________________________________________________________

______________________________________________________________________________________________________________________________

______________________________________________________________________________________________________________________________
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DistributedSpMVExample

____________________________________ - ________________/________________________________________________________________________"
<C >
MPI Proc. O — 3 3/ Y y f_g 1
—— 3 2| 1 1 1 <!
e ;/ ___________________ T mmmmmmm T T _ T
MPI Proc. 1 < 1 5 <2
— . < o S
= = s 1 1 o 8
MPIProc.2 < S ma T x[o]
roc. 3 1 3\ 3
= = s 4 3| 2 S0
____________________________________ - _____________________________________‘7/"_______________________________________________"
MPI Proc. 3 f_g 2 |7 3 =L
——— 8 1 2 a1

______________________________________________________________________________________________________________________________
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DistributedSpMVExample

MPI Proc. 0 3 5| 3 1 J
—— ol 1 1 1 3
MPI Proc. 1 _ 1 5| 5 _ 2
o 1 1 |8
MPI Proc. 2 i 2 9 3 | 9
e 4 3| 2 0
MPI Proc. 3 2 [7 3 o
—— 1 2 1

______________________________________________________________________________________________________________________________
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DistributedSpMVExample

MPI Proc. O 3 5| 3 1 [ J
—— 2| 12 1t 1 3

MPI Proc. 1 I 1 = 1 2]

— 1 1t 8 |

MPI Proc. 2 i A & 3 1 1o

— L 3| 2° 0

MPI Proc. 3 P [7 3 o
—— 1 2

______________________________________________________________________________________________________________________________
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DistributedSpMVExample

MPI Proc. O 3 2

—— ol 12 12 1

MPI Proc. 1 ) 1 5| & |

—— 1 11

MP! Proc. 2 i A & 3 |

— 4 3 2
:F ___________________________________ - _____________________________________O_ ______________ [ /A
- MPI1 Proc. 3 2 |7 3
) S—— 1 2

______________________________________________________________________________________________________________________________
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DistributedSpMVExample

MPIProc.0®_ % |3 5 & 1 c LlJ
—_— ® ‘ ~ n) O 1 2 *
MPIProc.lv:Z')_ ifz)zc 1 [2]]9
. 1| *

= = &\_:v I 1 1 | 8 i 1
I\/IPIProc.Zv:-:\')_ A & 2 3 1 ['al|3|]|s
B *

— Kv. 4 DEE 0 || 2|1
oo e Ty o ooy
-~ MPI P-roc..3 'nn) 27 (3| | { 0 J
= = K‘:v i i

______________________________________________________________________________________________________________________________
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DistributedSpMVExample

MP! Proc. 0 3 2
— 2| 12 1 1°
MPI Proc. 1 i 1 5 & 1|
—— 1 11
~ MPI Proc. 2 _ 2 g2 3 I
S 4 1 3 2
:" ___________________________________ - ____________________________________6 ______________ " N Vs
- MPI Proc. 3 2 |7 3
) S—— 1 2

______________________________________________________________________________________________________________________________
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Outlook:
CacheBlockingDistributedMemory MPK



Distributed MPK
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Distributed MPK

Computingd oon Proc 0
requiresneighborsof Proc 0.

How about computin® e

9 \13 18 24 31 38 44 4@

(5 (8 a2y —(ar)y ()0 —(er)y—(s3)
X&&&&& Proc O

C\ AN I AN IS\ A )

\7®\1&¥\1‘3¥@§9§6
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Distributed MPK

35

27

20

14

0w

0w

0w

0w

(a2)—(48)—(53)—(57 (60 (62 )—(63)
34 41 A7 52 56 59 61
26 33 40 46 51 55 58
19 25 32 39 45 50 54
0W)—0W)—(0w)—(00—(00—(0®) 0w
00/ —0® 00w/ —{00) 0000/ ~—0k
0W——(0W) 0w (00— 0000 —(0w

L0 0 O O R OO0 0

Proc O



Distributed MPK

35 (42 (18— (53 )—{(57 (60 (62 )—(63)

To computed wwe need
” 0 won the neighbors.
o)

o8

LAY

ow

0w 0W—{0W—{0W—{0w—0w—0

0W)—0W——0W)—{0wW) 0w —(0w—(0w—(0w

0w —0w/—0w —0w 000000 —0w
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Distributed MPK

35 (42 (18— (53 )—{(57 (60 (62 )—(63)

To computed wwe need
owon the neighbors.

58 J
\ \ N \ N \ N
s\s\”@“@e@m@

“‘\ Proc O
S




Distributed MPK

To computed wwe need
0 won the neighbors.

X /o
W O W

In general, to compute
0 wwe needr) neighbors.

Proc O

(&) e)




Distributed MPK

It works!

No redundant work
and/or extra
communication
required, see upcoming
paper.*

* D. Lacey, C. Alappat, F. Lange, G. Hager, aiei&irnt Cache Blocking of Distributddemory Parallel Matrix
Power Kernel|go be submitted.
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